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1. Introduction

The concept of duality in mathematics emerged in the 19th century. After the term duality
was used first in [1]], Poincaré [2, [3, 4] used the Betti numbers of a closed orientable
manifold to enunciate and to present a proof of the statement later known as the Poincaré
duality, see Theorem

A few years later, Alexander [S] stated and proved it with less restrictive hypothe-
ses. Posteriorly, his study related to the Jordan-Brouwer separation Theorem culminated

in the result known nowadays as the Alexander duality, see Theorem

Finally, in 1926 Lefschetz [6], presented a version of Poincaré Duality in geomet-
ric topology, applying to a manifold with boundary. This version was called Lefschetz
duality, see Theorem 3.7

In the early 1930s, Alexander and Kolmogoroff, independently, found a definition
of cohomology, which was announced at a conference in Moscow in 1935. They also
suggested the existence of a product structure in cohomology that was studied in detail by

Cech and Whitney. This latter determined the relationships and main properties of these
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products and, as a result, obtained different proofs of the Poincaré Duality, presented
in the works [7, 8] and [9]. Thus, the advent of cohomology contributed decisively to
the development of new tools and the evolution of the notations that gave rise to the
modern statements and proofs of the Poincaré, Lefschetz, and Alexander dualities, which

we present in this work.

The development of Poincaré Dualities as sophisticated tools stimulated the study
and classification of topological spaces, sometimes equipped with a differentiable struc-
ture. In this context, naturally arose issues concerning bijectivity between classes of topo-

logical and differentiable structures. For instance:

Are there differentiable manifolds M and N equivalent in the topological sense,

but not in the differentiable sense?

In 1956, Milnor presented the famous paper “On manifolds homeomorphic to the
7-sphere”, [10]. He presented a 7-dimensional smooth manifold homeomorphic to the

standard 7-sphere with a non-equivalent differentiable structure.

The remarkable behavior of these spaces studied by Milnor lead to a specific ter-
minology: exotic spheres. Thus, this term came to be used to denote a smooth manifold

M which is homeomorphic but not diffeomorphic to the standard euclidean n-sphere.

In this way, many issues at the topological and geometric level came up, attributing
the exotic spheres independence, becoming an original field of research, having been the
subject, in many aspects, of several works published in the 1950s and in the following

ones, among which we highlight [[11} 12} [13].

The main goal here is to present a detailed survey of the dualities and the im-
portance of these tools on the existence of exotic structures on n-spheres. In this sense,
this paper divide as follows. In Section 2, important concepts and preliminary results are
presented, such as the notion of direct systems, orientation, the fundamental class for a
manifold, and the cohomology with compact support. All the results of section 2 are tools
to build the “Poincaré homomorphism” and prove the Poincaré’s duality in the first part
of Section 3, Theorem In the sequence, we state and prove the Lefschetz’s Duality
and Alexander’s Duality, Theorem and Theorem [3.8] In the last section of this work,
we cover part of the path followed by Milnor in [14, Chapter 8], where Poincaré duality
is used to ensure necessary and sufficient conditions for the existence of exotic structures

on n-spheres.
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2. Preliminaries

2.1. Direct Systems

In this section, we present an essential notion in Category Theory: the direct system of
abelian groups. It is fundamental in the proof of Poincaré Duality and the proof of its

variations.

To define a direct system, we need a set with a notion of order to serve as a set of

indexes. Let us consider the following definition.

Definition 2.1. A direct set A is a partially ordered set (A, <) such that for any o, § € A
there is an upper limit v € A with a;, 5 < ~. A direct system of abelian groups is a col-
lection {G, 77 }aca of abelian groups G, indexed by a direct set A and homomorphisms
ji: Go — G, o < Bsuchthat jjojf =jl,a < <vyand j§ =1, € A
Definition 2.2. Let {G,, j°},c4 be a direct system of abelian groups. An abelian group
L is called the direct limit of {G,, j°}.c4 when there is a collection of homomorphisms
{ia : Go — L}qea such that:

(i) Forall o < 3 we have ig o j& = i,, i.e., the following diagram is commutative:
B

G i yer

L
(ii) (Universal property) If H is a abelian group and {f, : G, — H }aca is a family
of morphisms such that f5 o j° = f, with o < 3. Then, there exists a unique
homomorphism f : L — H such that f o i, = f,, for all & € A. In other words,

the following diagram is commutative:

G da yer
T ig
L
fa fs
f
H

The homomorphism f : L. — H is denoted by {f,} : L — H.

Proposition 2.3. Let {G, 7’ }aca be a direct system. If (L,is)aca and (L')iy)aca are
direct limits of {Gy, j° Y aca then L =2 L.
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The previous proposition guarantees the uniqueness of the direct limit, up to iso-

morphisms. Consequently, one can denote this limit by

L :=1limG,.
A

The next theorem describes the direct limit of any direct system of abelian groups.

Theorem 2.4. Let {G,, j°}aca be a direct system, i : G, — @ G, injections and R
acA
subgroup of @ G, generated by elements of the form ig o j?(g) — is(g), with g € G,
acA

foralla < B, a, p € A. Then
D Ga

a€cA

R I

limG, =
A

D Ga
where the collection {ia Gy — "‘E?% } is induced by injections of the same nomencla-

@D Ga

acA
R

ture i, - Go —
Definition 2.5. A morphism of direct systems

. {¢a} PN
{Gomjg}ozeA E— {(Ga) 7(]5) }aEA

is a collection of homomorphisms ¢, : G, — (G.), a € A, satisfying (j7) o ¢, =
¢p o j5, i.e., the diagram below is commutative:

« Ga P (Ga)/
(a<B) 48 e798
B Gs ——— (Gg)'

Whenever there is no risk of confusion, we use the simplest notation {¢,} : {G,} —
{(Ga)'}

Corollary 2.6. A morphism {¢,} : {G.} — {(G.)'} of direct systems induces homo-
morphism

lxn g lim G — lim(G)'

such that li%n Go 0ig =15 0 ¢p, forall p € A

Proof. Foreach o € A, define f, := 1,/ 0¢, : Gy — li%n (G,). Givena < 3, a, B € A,
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one has

faojh = ig ogsojl
. . !/
= Zﬁlo@g) 0 Qq

fOl?

i.e., the following diagram is commutative:

G i yer
o ig
lim G,
A
fa Is

{fa}
lim (G,)
o (Ga)

The universal property implies the existence of a unique homomorphism { f,, } : li%n Go —
li%n (Go) such that {f,} o iz = fs, forall 3 € A. Considering li%n Go = {fa}, one has
that li%n Go 0ip =ig o dg, forall § € A. O

Corollary 2.7. Assume that {G,} and {(G,)'} are direct systems and f, : G, — H,
fo! 1 (Go) — H', a € A are homomorphisms satisfying fs o j° = fu, f5 032 = f./.
Assume that {¢,} : {Go} — {(G.)'} is a morphism of systems and ¢ : H — H'

homomorphism such that the diagram below commute for all o € A:

Go — I H
Do ¢
(Ga)/ #) H'.

Then, the diagram below is commutative.
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li%nGa % H

1171{11 o ¢

lim (Gy) ———— H'
2 {7}

Proof. Consider the following diagrams:

Diagram 1

> GB
ig
fs
fe'ods
¢
e
Diagram 2
ig
lim G, ,
X ’LB O¢B
1171{11%
{fa'}oia'opa=fa'opa f5’0¢5:{f@'}0i5’0¢5
lim G,/
A

H/
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In Diagram 1, we have { f,}oi, = fo € ¢ofo = fo 0P Which implies (¢ o {f,})o
io = fo © P, for all « € A. Thus, Diagram 2 and Corollary imply that:

lim ¢, = i © Pg.
A

In addition, for every o, we have { f,,' }o(ia'00a) = ({fa'}oia' )00 = fo' 0. Therefore,
({fa'} o li%n ba) 0 1a = {fa'} 0ia' © Pa = fo' © ¢o. In words, the diagrams commute.

Finally, the universal property for li%n G, implies po {f,} = {f.'} o li%n v [

The following proposition gives us a characterization of a direct limit that is cal-

culable. More precisely, we have:

Proposition 2.8. Let {G., j° }aca be direct system and consider on | ] G, the following
acA
equivalence relation:

* Given g € G, and g' € G, we have that g ~ ¢’ if and only if there is v € A with
v > a,y > Bandjl(g) = jg(g’), where the quotient

U Ga

é . a€cA

~Y

has a natural operation
&:GxG = G
(g} Ad) = A{gta{y} = {ill9) + 509}

If i, : Go — G is defined by ia(g) = {9}, then {G‘, io} Is a direct limit of
{Ga, 52 aca. In particular, ex= li%n G,.

Proof. Let a < 3 be with a, 8 € A. Given g € GG, we have
ig 0 Jolg) =is(ja) ={ia(9)} and ia(g) = {g}.

Since A is a direct set, there is v € A such that v > « and v > 3, which implies
a < B <. Now, once {G, }aeca is a direct system, then jg 0 j? = jJ where we conclude

that j7(g) = j3(455(9)). Thus, jJ(g) ~ g and we have equality {j7(g)} = {g}, which
implies in ig o jg = 14, that is, the diagram
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is commutative. Let H be a abelian group and { f,, : G, — H },c4 a family of homomor-
phisms such that f5 o j2 = f,, with a < 3. Define f : G — H where f({g}) = fa(9),
whenever g € G,. In order to show that f is well defined, we consider {g},{¢'} € G
such that {g} = {¢'}. We show that f({g}) = f({¢'}). Suppose g € G, and ¢’ € Gp.
Once g ~ ¢ then there is v € A withy > avand v > B and j7(g) = j;(¢). Then,

falg) = f,0343(9)
= f,(a(9))
= f,03(9))
= fs(9),

ie., fa(g9) = f5(9'). Therefore, f({g}) = fa(g) = f5(g) = f({g'})- In addition, given
a € Aand g € G, we have

foia(g) = f({g}) = falg),

ie., foi, = f,, forall « € A. We claim that f is unique. Suppose there is h : G— H

such that A o i, = f,. Then, given « € A and ¢ € G,, we have the sequence of

equalities h({g}) = hois(g9) = fu(9) = f({g}) which implies in f = h. Therefore,

(G, ia) is a direct limit of the system {Gyq Yaca. In particular, Proposition gives us

G = lim G, O
A

Proposition 2.9. Suppose that {A.},{B.} and {C,} are direct systems, {¢o} : {Aa} —
{B.} and {1} : {Bn} — {C,} are morphisms of direct systems. If for each a € A, the

sequence

A, TN B, Yo, C,

is exact, then the sequence
lim d)a lim 'l/)cx
li%nAa _ li%nBa _— liZmC’CY

is also exact.
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Proof. Consider the limit (G, i,) = li%n G, given by Proposition Note that g € G,
is such that i,(g) = Oy if and only if

jalg) = Oc,, o))

for some v > a. In fact, if i, (g) = O then {g} = O 4 = {Og, }, hence there is v € A such
that v > o,y > B and j](9) = j3(Og,) = Oc,. On the other hand, equality (I)) implies
Ji(g) = Oq, = j2(Og,). Thus, we have that the equivalence g ~ Og, guarantees
equality {g} = {O¢,.} = O and therefore, i,(g) = {g} = Og. Consequently, g €
ker(i,) if and only if g € ker(j7), for some . In other words, we have ker(i,,) = ker(j2),
for some v € A.

Note that
h%n wa o h%n (ba = h%n@ﬂa © ¢a) = 0.

In fact, be « < 5 in A, we have the following commutative diagram:

Pa Ya

a A, > B, > Cy

Ala Bla Cia
i lim A, it lim B, i lim C,
\\_/r

Alg Big cip

A > B > C

B d oF] g g g

Of course, {1, 0 ¢0} : {Aa} — {C,} is a morphism between direct systems , therefore

induces a a unique homomorphism

such that

LAJM v.2.n.1 (2023)
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On the other hand,
(li%nwaoli%n(ba) Oplq = li%nlpao(li%n@,o/;ia)
= 11%[1 ’ll)a o (Bioz o gba)
= (h%l’l wa °B ia) © ¢a
- Cia o (¢a o Qboz)' (3)

From the equations (]ZD and (@, we have
lim(v, 0 ¢o) = lim 1, o lim ¢,,.
(¥ ) P

Since the sequence

A, o, B, Yo, C,

is exact for all «, then v, o ¢, = 0 which implies equality li%n(wa o ¢) = 0. Therefore,

li%n o © li%n ¢a = 0¢, and Im(li%n ®a) C ker(li%n Va)-

Finally, suppose {0} € B = li%n B, and it is such that li%n Y({b}) = 04 (e,
{b} € ker(li%n 14)). Considering b € B,, and the commutative diagram below, for some

f>

Q B, e Ca
(a<B) Bis cit
B Bs ——— Cp,
we have
CI 0 o (b) = g 0 B (b). “)
Once

Bia: By — B~limB,,
A

b — {b},
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one has

O = 1§nwa({b})

- (li%n %) o5 ia(b)
= cla(ta(b)).

Hence, we have that 1, (b) € ker(¢i,). By equation (I)) we have cie (a(b)) = 0¢, . The
previous equality and the equation (4) implies that wﬁ(ng (b)) = 0¢, . Now, the sequence

ofe} ¥p
Aﬁ > B,B > Cﬁ

is exact, and since ng(b) € ker(y3) = Im(¢p) then there is a € Ag such that ¢g(a) =
B4 (b). Therefore,

li%n%({a}) = 1%1%%@'6(@)
= Bigo¢s(a)
= pigo BI(b)
= pia(b)
= {o},

ie., li%n ¢a({a}) = {b} which implies that {b} € Im(l%n ¢a)- Thus, the inclusion
ker (1%1 ¢a) CIm (h%n gba> ,

ker (h%n 1%) =1Im (l%n gzﬁa) :

Thus, we conclude that the sequence

implies equality

lim ¢a lim wa
mA, — & limB, — & limC,
Az e Az

is exact. O]

Corollary 2.10. If {¢.} : {G.} — {(G.)'} is a morphism of direct systems such that
each ¢, is a monomorphism (resp. epimorphism, resp. isomorphism) then the same is

true for lim ¢,,.
A
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Proof. The proof follows directly from the Proposition[2.9 O

Proposition 2.11. Assume that (I, <) is a direct set of indices and { G, j° }ac1 is a direct
system of abelian groups. Suppose that J C I is such that for each o« € [ thereis [ € J

with o < 5. Then lim G, = lim G,. In particular, if I has a maximal element ~y (i.e.,
ac ac
given a € I, < ), taking J = {7}, we have

lim G = G

ac

Proposition 2.12. Let X be a space and { X, }oca a collection of subspaces of X ordered
by the inclusion relation such that for each compact set K C X, there is v € A with
K C X, Bejb:X,— Xpgandi, : X, — X the inclusions (o < ). Consequently,
fixed p € Z* and G an abelian group, the abelian groups H,(X,, G) and homomorphisms
32 Hy(X,,G) — H,(Xs,G) form a direct system of abelian groups

{HP(XOH G)7 jg* }OcEA :
In addition, the induced homomorphism
{ia, }: lién H,(X.,G) = H,(X,G)
is an isomorphism, for all p € 7.*.

2.2. Orientable manifolds and the fundamental class

Definition 2.13. Given a space X and a point z € X, the local homology group of x in
X are the groups H, (X, X \ {z}).

Note that given an open neighborhood U, of z, the Excision Theorem guarantees
the existence of an isomorphism H,, (X, X \ {z}) = H,(U,, U, \ {z}). Thus, the local
homology group depends only on the local topology of X close to x.

Also, if f : X — Y is a homeomorphism then it induces an isomorphism [ :
H,. (X, X\{z}) - H,(Y,Y\{f(2)}), for all z € X and for all n. Consequently, groups
of local homology are used to tell us when spaces are not locally homeomorphic at certain
points.
Definition 2.14. A n-dimensional manifold (or n-manifold) is a Hausdorff space M

where each point has an open neighborhood homeomorphic to R".

Note that the Excision Theorem guarantees that H;(M, M \{z},Z) = H;(U,, U, \
{z}). Since U, = R", we have H;(U,, U,\{z}) = H;(R",R"\{0}, Z). Now, considering
the sequence of the pair (R™,R” \ {0}) and the fact that R" is contractible, we have that
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H;(R",R"\ {0} = H; 1(R™\ {0},Z). Finally, since R™ \ {0} = S"!, we conclude
that H;(M, M \ {z},Z) = H, ;(S"',Z). Thus, the dimension of M is intrinsically
characterized by the fact that that for x € M, the local homology group H;(M, M \
{z},Z) is nonzero only when i = n.

Definition 2.15. A n-manifold M is said to be closed if it is compact and without bound-

ary.

The Poincaré duality states that for a closed n-manifold and orientable there are
isomorphisms H"(M,Z) = H,_,(M,Z), for all p € Z*.

By convention, cohomology and homology groups of negative dimension are zero.
So a duality statement includes the fact that any non-trivial cohomology and homology

groups of M occur for dimension between 0 and 7.

In what follows, we begin the discussion necessary to present the definition of

orientation for a n-manifold M.

Recall that H,(R",R™ \ {z}) & H, 1(R"\ {z}) & H, 1(S"!) = Z, where
S™~1 is the sphere with center in . With this in mind, we present the next definition.
Definition 2.16. An orientation of R" at a point x € R" is a choice of the generator of
the infinite cyclic group H,,(R",R™ \ {z}).

Let p : R" — R" be a rotation, r : R” — R" a reflection and x € X. Consider
the induced homomorphisms p?, r? : H,(R", R™ \ {z}) —» H,(R",R"\ {z}). If a €
H,(R",R™\ {x}) is a generator, we can show that p’(a) = o and () = —a, i.e., the
orientation o of R™ at a point x is preserved by rotations and inverted by reflections, just
like R? with the notions of clockwise and counterclockwise.

Remark 2.17. Set arbitrarily x € R". Note that the choice of a generator o, €
H,(R",R™ \ {z}) determines, for each y € R", the choice of a generator o, €
H,(R™,R"\ {y}), via canonical isomorphisms H,(R",R" \ {z}) = H,(R",R" \ B) =
H,(R™,R"\ {y}), where B is a closed ball containing = and y. In other words, an orien-
tation of R™ at a point x, determines an orientation at each other point y € R".
Definition 2.18. A local orientation of M at a point x € M is a choice of a generator p,
of the cyclic group H,,(M, M \ {z}).

Notation 2.19. Next, we use the following simpler notations:
H,( X, X\A)=H,(X|A),

or, more generally

Hy(X, X\ A;G) = Hy(X | A;G).

Finally, if M is a n-manifold and x € M, we denote H,(M, M \ {z}) = H,(M | x).
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By Excision Theorem, H,,(X | A) depends only on a closure neighborhood of the
A from A in X. Thus, it makes sense to see H,,(X | A) as a local homology of X in A.

We now define a global orientation in a n-manifold M, which should be a consis-
tent choice of an orientation at each point in the manifold.
Definition 2.20. A Z-orientation (or simply, orientation) on a n-dimensional manifold M

is a function

Oy = M— | Ho(M | z)
zeM
x> Oy () = pa

that associates with each x € M a local orientation p, € H,(M | z) satisfying the

following condition, known as Local Consistency Condition, or simply, LC:

LC: For each x € M, there is a neighborhood Ur» C M homeomorphic to R", via
homeomorphism ¢ : Ugn — R", and an open set B, C Ug», homeomorphic to an
open ball By,y C R" of center ¢(z) and finite radius, such that for each y € B,,
the orientation i, € H,,(M | y) is an image of a generator up, € H,(M | B,)
under the natural map ¢, : H,(M | B,) — H,(M | y).

When there is an orientation for M, we say that M is orientable.

Let M be a orientable n-manifold and = € M, ¢ : Ugn — R™ a homeomorphism
and B, C Ug» homeomorph to an open ball By,) C R", as described above. Next, we
use the following commutative diagram to ensure that the Local Consistency Condition
holds:

" Ho(M | 2) Y H,(M|B,) —"— H,(M|y) Hy
Excision | & 2 | Excision
o Hy (U | ) | (@1, )7 Ho(Uge | 9) 2
on | = =g}

0

(1) € HuR" | §(x) —Zs H, (R | Byw) HA (B | 6(4) > g2(1ny)

oY

| zl@

Once = € B,, we have that j1, = ¢, (pp,). Also, given y € B, we have i, = ¢, (115, ).
These orientations in x and y induce orientations ¢, (x,) and g2(p,) from R™ in ¢(x) and

¢(y) via the isomorphisms g; and go, respectively.
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Note that ¢(z), #(y) € By, and by Remark 2.17, G2(G1(g1(pz))) € Hn(R™ |
¢(y)) is an orientation of R” in ¢(y). Since the diagram above is commutative, we have

ty = Uu(pp,) = 97" 0 GT'((4),, )" (15, )) and consequently,

G1(91(pz)) = (9, )% (18,.)- (5)

Moreover, 1, = Wy(ns.) = g5 (G2((d)5,)%(n,)). therefore, ga(p,) =
Ga((@), )% (1B, )- So, the last equation and (5) imply that

92(My) = G2(G1(g91 (),

i.e., the orientation G2(G1(9g1(pz))) of R™ in ¢(y) induced by the orientation of R" in
¢(x) is compatible with the orientation of R" in ¢(y) induced by orientation /i, of M in
y induced by g-.

In other words, if M is orientable then for each x € M, there is a neighborhood B,
of z in M such that for each y € B, the orientation g»(y,) is induced by the orientation

91(pz), and that is exactly the meaning of the term “local consistency”.
Example 2.21. If M is simply connected, or more generally, if 1 (M) don’t have index

two subgroups, then M is orientable. See [15, Proposition 3.25]

We can generalize the definition of orientation by replacing the ring Z with any

commutative ring with unit R.
Definition 2.22. An R-orientation in M is a function

o8« M— | ) H.(M |z, R)
xeM
> Oy () = py!
that associates each x a generator pf of H,(M | x, R) & R satisfying a corresponding

local consistency condition, where pf is an element R such that R - uf = R.

Since we assume that R has an identity element 1z € R then there is b € R such
that 1z = puf'b. Therefore, 12 is an invertible element of R.

It is important to note that every orientable n-manifold M is also R-orientable.
Otherwise, if M is non-orientable, then it is [2-orientable if and only if the ring R contains
a unity of order 2. An immediate consequence of this fact is that every manifold is Z,-
orientable. Consequently, the most important R-orientation cases occur when R = Z or
R = 7Z,.

We end this section by defining the fundamental class for a manifold M, which is

decisive for the Poincaré Duality. Before that, we consider the following lemma.
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Lemma 2.23. [l/5] Let M be a n-manifold and A C M a compact subset. Then:

(a) Hy(M | A,R) = 0, for all p > n. Also, given [p] € H,(M | A, R) we have
(o] =0in H,(M | A, R) if and only if, considering the homomorphisms

Uy Hy(M | A,R) — H,(M | z, R),

we have that 1,.([¢]) = 0, for all z € A.
(b) There is a single class [as] € H,(M | A, R) such that 1V, ([aa]) = 0% (z), for

each x € A.
Definition 2.24. Let M be a n-manifold. For each z € M, consider the homomorphisms

VY, Hy(M,R) — H,(M | z, R). Anelement [M] € H,(M, R) such that ¢, ([M]) = p,
is a generator of H,,(M | x, R) is called a fundamental class for M with coefficients in

R.
Theorem 2.25. [15] Let M be a connected closed n-manifold. If M is R-orientable then

the homomorphism ¢, : H,(M,R) — H,(M | =, R) = R is an isomorphism, for every
x € M.

Consequently, if M is a connected closed n-manifold and R-orientable, Theorem
guarantees the existence of a fundamental class [M] € H,(M, R). On the other
hand, in [[15]] one can see in the case where M is a n-manifold without boundary, if there
is a fundamental class [M| € H, (M, R), then M is compact and R-orientable.

2.3. Cohomology with compact support

In order to make clear both the statement and the proof of Poincaré’s Duality in its most

general version, we need to consider cohomology groups with compact support.

We begin by considering X a topological space and defining the set
A ={K C X |K is acompact subset of X }.

The inclusion relation determines about A a partial order relationship. Since the union
of two compacts sets is compact, for any K, L. € A, one has that 7' := K U L € A,
K < T and L < T. Therefore, (A, <) is a direct set. Consider inclusion j[Q K — L.
Since K < L, we have that X \ L € X \ K. Fixed p € Z* and G an abelian group,
we can associate with each inclusion j£, the natural homomorphism of abelian groups
jET L HP(X, X\ K;G) — HP(X, X\ L;G) (induced by j : (X, X\ L) = (X, X\ K)).
It is possible to show that 57~ o jL£* = jE*, K < L < T and j&" = 1, forall K € A.
Thus, { H?(X, X \ P;G), jk& "} ke is a direct system of abelian groups.

By Excision Lemma, the group H?(X, X \ K;G), where K is a compact set,
depends only on a neighborhood of K in X (assuming that X is Hausdorff, we have that
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K is a closed set). Let us shorten the notation by writing
HY(X, X\ K;G)=H(X | K;G).
Definition 2.26. We define
HP(X;G) = l%an(X | K;G)

as the cohomology group with compact support. Notice the similar notation used for local
homology. One can think of homology groups with compact support as the limit of these

’local cohomology groups in compact subsets””.
Remark 2.27. (a) The Proposition 2.8| provides us with the following alternative de-

scription for the cohomology group with compact support:

U H"(X | K;G)
HS(X, G) _ KeA

~Y

Therefore, for each element p € H?(X, ), there are a compact set K € A and a
element o, x € H?(X | K;G) such that ¢ = {ay, i}, where “{ }” represents

3 2

the class of the element o, x according to the equivalence relation “~” given by

Proposition [2.8]
(b) Proposition 2.11]implies that for compact spaces X, fixed p € Z non-zero and G
an abelian group, we have that H? (X, G) = H?(X, G).

The next proposition is useful to prove a weaker version of Poincaré Duality (see

Proposition [3.3)).
Proposition 2.28. Let X = R" and G = Z. For any n € N, we have

Z; ifp=n
0; ifp#n

HY(R") =
Proof. We know that HP(R™) = li_niin(R” | K), where A = {K C R
Ke
K is compact}. Consider the set
A" :={BJ0,l] C R": 1 € N, B[0,1] is the closed ball with center at origin and radius [} .

Note that A" C A. Also, given K € A, there is [ € N such that B0, lx] € A’ and
K C BJ0, ). Thus,

lim  HP(R” | B[0,1]) = lim H7(R" | K).

B[0,l]e A’ Ke
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Therefore,
HP(RP) = lim HP(R" | B[0,1)) = lim HP(R" | B[O, 1)). ©)
Al €N

On the other hand, we have H?(R" | B[0,1]) = H?(R™ | {zo}) = HP'(R" | {z0}) =
HP~1(S™71). Consequently,

Ziifp=n
HP(R™ | B[0,1]) = (7
0;ifp#n
Hence, (7) and (6) imply
Ziifp=n
HP(R™) g
0;ifp#n
O

3. The Poincaré Duality and its variations

In this section, we use the cap product to state the Poincaré Duality as it has been done in
[15]].

3.1. Poincaré Duality

Let R be a commutative ring with unit, M/ a n-manifold possibly non-compact, con-
nected and R-orientable. We start this section by building a dual homomorphism be-
tween the cohomology groups with compact support H?(M; R) and the homology groups
H,_,(M;R) forall p € Z™, as follows:

(1) For compact subsets K, L of M, with K C L, we consider the inclusion z’}( :
K < L and the associated homomorphisms 7% and i%", induced by inclusion
i:(M,M\L)— (M,M\ K), we get the following diagram:

H,(M|L,R) x HY(M | L,R) ——— H,_,(M,R)

L L *
i i% WH, _,(MR)

Ho(M | K,R) x H*(M | K,R) ——=— H,_,(M,R)

(2) By item (b) of Lemma there are unique elements ux € H,(M | K;R) e
pp € Hy(M | L; R) such that o (k) = pe and ¥ () = puy, for any z € K
and y € L, where ¥X : H,(M | K;R) — H,(M | z,R), % : H,(M |
L;R) — H,(M | y,R), p. € H,(M | z,R) and pu, € H,(M | y,R) are
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orientations of M at each point x € K e y € L, respectively. By uniqueness, we

have i, (1) = i
(3) Given o € H?(M | K; R), it is possible to show that

*

i, () ~ = pp ~ i (a).
Therefore, once 1% (uz) = px we get
pg —~ o=, —~ ik (o) € H,_,(M;R),

forallaw € H?(M | K; R)
(4) Let A := {L C M| L is compact}. We consider for each K € A the homomor-
phism

Di: HP(M|K;R) — H, ,(M;R)

o — K — @

We define Gx := H,_,(M;R), forall K € A and O := ¥y, u;p). for all
K,L € Awith K C L. We know that {G¢, ©% } xc  is a direct system of abelian

groups and
H, ,(M,R) = li%nGK.

Now, we consider the map

{DK} : {Hp(M | Kv R)J%(* KeA - {GK7@%(}K€A

as being the collection of homomorphisms Dy as defined above.

(5) Let us show that {Dx} is a homomorphism of direct systems. In fact, for all
a € HP(M | K, R), we have that

Ok (D (@) = O (ux ~ @) = px ~ @ = px ~ i (@) = Dy, (i (a))

that is, the diagram

K HP(M | K,R) — 2% Gy = H,_,(M,R)
KcL ik ok
L HP(M | L,R) D—L> GL:Hn,p<M,R)

. . ST, %
is commutative and ©% o Dy = Dy o il

(6) Corollary guarantees that homomorphism of direct systems { D} induces a
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homomorphism
lim Dk : lim H?(M | K; R) — lim Gg. (8)
R " R (] ) K "

Once l%n HP(M | K;R) = HP(M; R), after we denote D), = li%n Dy, we get

from (8)) the desired dual homomorphism:
Dy HY(M; R) — H,,_,(M;R).

Since H?(M; R) is a direct limit, Remark and Corollary [2.6|ensure the exis-
tence of a collection of homomorphisms
ng s HP(M | K;R) — HE(M;R)

a — {a},

satisfying Dy o ng = Dk, for all K € A. Finally, for all ¢ € H?(M; R), we have that
Dy (¢) = Dy ({ap i }) = Du(nx(ap k) = Dr(ap k) = i ~ ap i

Concerning the dual map, from now on, we denote Dy, (p) = pux — .

Now, we are ready to enunciate Poincaré’s Duality Theorem:
Theorem 3.1 (Poincaré Duality). Let M be an R-orientable n-manifold. The dual homo-
morphism Dy - HP(M, R) — H,,_,(M, R) is an isomorphism for all p € Z.

To demonstrate Theorem 3.1} we need some preliminary results. We start with the

following technical lemma:
Lemma 3.2. [16] If M is the union of two open sets U e V, i.e., M = U UV, then the
diagram below:

i —— H(UNV) — HP(U)® H?(V) —— HP(M) —— HPYL (UNV) — .

‘/DUHV ‘/DU@—DV ‘/DIM ‘/DUQV

o — H, ,(UNV) — H,_,(U)® H,—p(V) — Hp_p(M) — Hp—p1(UNV) — ---

is commutative and its horizontal lines are exact.

Proof. Let K C U and L C V compact sets in U and V/, respectively. Keeping the
Theorem(b) in mind, wetake X = A =B =M,C = M\K,D =M\ L and
Y=CUD. Thus,Y =M\ (KNL),CND=M\(KUL),X=M,AUB=X
and AN B = M. These sets give rise to Mayer-Vietoris sequences, where the first is the

relative sequence for cohomology
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C— HY(M | KNL) % H*(M | K)® H?(M | L) —% HP(M | K UL) =2 ...

The second one is a Mayer-Vietoris sequence for homology:

¢n—p

S Hy (UUV) Y (V) H, (V) 28 £

Hop(M) =25

Now we take X = M, A= M\ (KNL)andU = (M \V)U (M \ U) and
consequently, (X, A) issuch that U C intA, X\U = UNV and A\U = (UNV)\(KNL).
Thus (X \ U, A\ U) — (X, A) induces an isomorphism

a:H' (M| KNL)— H?(UNV | KNL),
and making other suitable choices, we obtain the isomorphism

g:H'(M|K)e H(M |L) — HP(U | K)® H?(V | L).

Now, we can consider the dual homomorphisms induced by the cap products:

UKL ™ - i — -® —pr, ~ —and ugy — _, i€,

Dxrp: HHUNV | KNL) — H, ,(UNV)

@Y = WUKAL T ¥;

Dy @ (=Dy): H'(U | K)® H'(V | L) — Hypp(U) ® Hop(V)
(o) — (pux —~ @)D (—pr —~ V);

Dxor: H(M | KUL) —s H,_,(M)

Y = UKuU T P

We can see that the below diagram is commutative:

v 3 A
i —— HP(M | KN L) —%s H?(M | K) ® HP(M | L) —% HP(M | KUL) —2s HP*Y (M | KNL) — ---
>~ ~| 3 =

HP(UNV |KNL) —> HP(U | K)® HP(V | L) Drur HPHY(UNV | KAL) — -

DknL Di®(—Dr) DinL

Y — Pn— A
o Hp p(UNV) —25 H,, ((U)® Hpp(V) ——2% Hyp (M) —2— Hypy 1 (UNV) —— -+
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and rewrite it, up to isomorphisms, as follows:

YK,L

S HNUNV | KNL) ™% grU | K)o H(V | L) 2% HP(M | KUL) —> -

‘DKHL ‘/DK@(DL) ‘/DKFWL

e H,(UNV) T Hy (U)® Hy (V) — 2 Hy (M) ———s -

where the horizontal lines are sequences of Mayer Vietoris, therefore exact.

We have that each compact set in U N V' is contained in the intersection K N L of
the compact set K C U and L C V. Similarly, each compact set U U V' is contained in
the union K U L of the compact set X' C U and L C V. Therefore, we can consider the
direct systems of abelian groups and homomorphisms of direct systems:

K,LY,

P {
s {HP(U NV | KO L)} knped "SSP (U | K) @ HP(V | LYwrea —F{HP(M | K UL)}kurea — -

L{DKOL} L{DKEB(—DL)} L{Dknb}

e (Ha UV} — 2 U) @ Ha (V) — 2 )y ————

Passing the limit on the compact set X' C U and L C V and using Proposition [2.9] we
have that the following diagram is commutative with exact lines:

liﬁmmeL %‘PKYL
e — Hf(UﬂV)Km—> Hg’(U)@Hg)(V) —_ Hg(M) B — Hg’+1<UﬂV) —_

D = lim D Dpy=lim D
‘/ unv Klr:ﬂ KNL ‘/DU@(DV) ‘/ M I(ll:n KUL ‘/DUQV

- — H,_,(UNV) — H,_,(U)® Hy—,(V) — H,_p(M) — H,_p_1(UNV) — ---
where DU D (—Dv) = h[_rgn DK @D 11_I>I1(—DL)
L
O

Lemma 3.3. Let M be a connected n-manifold and R-orientable such that M = U UV,

where U and V' are open sets such that

Dy : H'(U) —s H,_,(U)
Dy :HY(V) —s H, (V)
Dynv - Hf(UﬂV) — Hn_p(UﬂV)

are isomorphisms. Then Dy : H?(M) — H,,_,(M) is an isomorphism.
Proof. Indeed, by Lemma[3.2] there is a commutative diagram
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e —— HY(UNV) — HP(U)® H(V) ——— HP(M) — HPYY(UNV) — - -

‘/Dumv ‘/DU@DV ‘/DJVI ‘/Dumv

- — H, ,(UNV) — H, ,(U)®H, (V) — Hp_p(M) — Hp_, 1 (UNV) — ---

such that the horizontal lines are exact. Since the vertical arrows Dy, Dy and Dy are

isomorphisms, the Five Lemma implies that D), is also an isomorphism. [

Lemma 3.4. Let M be a connected n-manifold and R-orientable such that M is the union
of a sequence of open sets Uy C Uy C --- such that for each i € N, Dy, : H?(U;) —
H

n—p

(U;) is an isomorphism. So Dy - H?(M) — H,_,(M) is an isomorphism.

Proof. Since M = |J Uj;, given K C M compact, there is ¢ € N such that X' C U;. By
iEN
Proposition [2.12] we have

12

lin H (U 2 Hop (M) ©)

Now consider, for each fixed i € N, the sets A, = {K C U; | K is compact} and

A ={K C M | Kiscompact}. Note that A = [J A;. In fact, given K € A, there

isi € Nsuchthat K € U;, so K € A; C U fllj which implies that A C U A;.

On the other hand, if K € U A; then there iszezi € N such that K € A;, anZdENthen

KcU,C U U, = M. Henzceg, K € A which implies that U A; C A. In addition, it is
clear that AizECN Ay, forall i € N, o

We claim that for every K € A;, H?(M | K) = H?(U; | K). In fact, since

K € A, then K is compact. In addition, X' C M and M is Hausdorff, hence K is a

closed set, and consequently, M \ K is an open set in M.

Alsonote thatas K € A;then K C U; C M. Now, taking A = U;and B = M\ K
we have M = U, U (M \ K) =int(U;) Uint (M \ K) = intA U intB.

We also have ANB = (M \ K)NU; = U;\ K. By Excision Theorem, (A, ANB) —
(M, B) induces an isomorphism H?(M, B) = H?(A, ANB),i.e., H?(M | K) = H?(U; |
K). Hence, as H?(U;) = lim H*(U; | K) then

KeA;
H(U,) = lim, HY(M | K). (10)
KeA;

We saw that A; C A;.q, for all i € N. Therefore, it is possible to build (naturally)
a homomorphism ¢t : H?(U;) — HP(U;y1), such that { HP(U;), ¢it'} e is a direct
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system of abelian groups. In fact, given 1 € N, we have that inclusion [ : U; — U;14
induces homomorphism (I*") : H,_,(U;) = H,_,(U;1). By hypothesis, there are
isomorphisms Dy, : H?(U;) — H,,— p( ;)and Dy, : H?(U;y1) = Hy—p(Uigq). Define
¢z:+1 — D—l oi H—l OD( Z)

1 Uit1

(1),
H,»(Ui) H,—p(Uiy1)
Dy, Du,,,
H?(U;) e H2(Uisa)

Of course ¢/1% o 1! = ¢!2. Therefore, { H?(U;), ¢ }ien is in fact a direct system of

abelian groups. Therefore, we can consider the direct limit of { H?(U;), ¢:™* };cn, namely,

lim H(U;). Now, for , we have

ieN
lim H?(U;) = lim hme(M|K))
iR e \ A
= lim H?(M | K)
A,
= HI(M),
i.e.,
H (M) = lim HZ(U;). (11D
ieN

Now, from the hypothesis, we have Dy, : H?(U;) — H,,—,(U;) is isomorphism, for all
© € N. Consider the application

{Dy,} : {H2(Uy), ¢Z+1}16N = {H,—(Us), (]Z—H) Fien.

It is possible to show that the diagram

Du.
Hg(Ui) — Hn—p(Ui)

¢Z:+1 (']Z+1)*
H2(Uiy1) T H,p(Uiy1)

is commutative. Therefore, { Dy, } is a morphism between direct systems and therefore
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induces a morphism

which, by (9) e (L1)), we can rewrite as
lim Dy, + HY(M) — H, (M),

€N

By Corollary lim Dy, ({z}) = Dy, ({z}), for all {z} € HEZ(M). Thus, if z €
ieN

H?(U; | K) then Dy,({z}) = px — x. Since H?(U; | K) = HP(M | K) then

x € HP(M | K) and consequently, Dy ({z}) = pux — . Therefore, lim Dy, ({z}) =

ieN
Dy ({z}), for all {z} € HE(M) which implies that Dy, = lim Dy;,. Hence, once each
ieN
Dy, : H2(U;) — H,,—,(U;) is an isomorphism, Corollary [2.10 implies that lim Dy, is an
ieN
isomorphism. Consequently,
Das: HPY(M) — H,_,(M)
is an isomorphism. [

Proposition 3.5. The dual map Dgn : H?(R™) — H,_,(R"™) is an isomorphism, for all
p € L.

Proof. Suppose initially that p # n. Thus n — p # 0 and H,,_,(R™) = 0. So, Proposition
2.28| implies that H?(R™) = 0. Therefore, Dg~» : H?(R") — H,,_,(R™) is trivially an
isomorphism. Let us check the case n = p. We have n — p = 0 which implies that
H,_,(R") = Hy(R") = Z. Furthermore, Dg» = li_rrkDK, where

Ke
Dy : H'(R" | K) — Hy(R")
Y = g P

for all K € A. By Proposition [2.28 Dgn = lln Dpjo,;, where in
leN

Dpjoy : H"(R™ | B[0,1]) — Ho(R")
$Y = UBoy TP

We claim that Dp ) is an isomorphism, for all [ € N. In fact, consider the generator
tepy € H™(R™ | B[0,1]). It is possible to find a generator gz of H™"(R" | B[0,[]) =
Homy(H"(R™ | B|0,1]),Z) such that the cocycle that represents g take value 1 over the
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cycle it represents 1ipo,). Therefore, the definition of cap product implies

Dgoy(98) = wspn — 98 = 98(50.4) * HBOY|0,) = HBOY|W,) = 1-

vn]

In other words, Dpyo takes generator to generator. Since Hy(R") = Z = H"(R" |

B|0,1]), then Dpo is an isomorphism.

Finally, by Corollary [2.10|we have Dg~ is an isomorphism. O

Proposition 3.6. Suppose that M is an open subset of R". The dual map
Dy - HY(M) — H,_,(M)

is an isomorphism. Consequently, the result holds if M is a countable (finite or infinite)

union of open sets homeomorphic to R™.

Proof. Let U; be a limited convex open set[] of R™. Once U; is homeomorphic to R", by
Propositionthe dual map Dy, : H?(U;) — H,_,(U;) is an isomorphism. Now, let U,
and U, be convex open sets with ¢ # j. Since U; N U, is also a convex open set, the dual
maps Dy,, Dy, € Dy,y, are isomorphisms and then Lemmaensures that Dy, y, 1s an
isomorphism. Now, if we define W}, = U; UU, U - - - U Uy, where U, is a convex open set
forall p=1,..., k, using induction over k, the result is also true for Wj.

Now consider open disks F(a, €), where a has rational coordinates and € > 0 is
rational. We know that the collection {£(a, €) }4ern ccqr forms a basis for the topology
of R". Once M 1is an open set of R", we can find a collection of open convex sets
Ui,Us,,...suchthat M = U;’io U, If W, = Uf:o U; then W; C W,,; and we can rewrite
M =2, W.

Once Dy, : H?(Wy,) — H,,_,(W}) is an isomorphism, for all & € N, Lemma 3.4]
implies the dual map
Dy HY(M) — H,,_,(M)
is an isomorphism.

Now, suppose M is a finite or infinite countable union of open sets homeomorphic
to R™. Just use arguments similar to those used in the previous case, replacing the terms

“limited convex open” by “open set of R"”.

O]

Finally, we present the proof of Poincaré’s Duality:

'For example, an open ball.
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Proof of Poincaré Duality: The case M = R" is a consequence of Proposition The
Poincaré Duality version for closed manifolds and for non-compact manifolds with an
countable base for their respective topologies is a consequence of Proposition [3.6] once

in the latter case we can cover M with an countable family of open homeomorphisms to
R".

Next, we prove the case where M is an arbitrary non-compact manifold. Then we
use Zorn’s Lemma. Define the following collection:

In = {U opensetof M | Dy : H (U) — H,,—,(U) is isomorphism} .

Note that by taking an open set U C M such that U is homeomorphic to R", Proposition
[3.5]implies that Dy, is an isomorphism, and then U € ;. Consequently, /; is non-empty.

It is also clear that [, is partially ordered by inclusion.

Let T3y C I, be a subset of [, totally ordered. Define L := UUETM U. By
Lemma L € Iy, furthermore, for all U € Ty, we have U C L which implies that
L is a upper quota for T);. By Zorn’s Lemma, I); has a maximal element, let us say M.
Since M € I, we have that M is an open set of M and Dy, : H?(M) — H,_,(M) is

an isomorphism.

If M # M, we can choose z € M \ M and an open neighborhood V' of =
homeomorphic to R™. By Propositions and the dual maps Dy and D, are
isomorphisms. Consequently, D, ,,, is also an isomorphism by Lemma [3.3]

On the other hand, since M UV is an open set of M hence MUV el M, Which
contradicts the maximality of M. Therefore, M = M e Dy, : H?(M) — H,_,(M) is an
isomorphism. O

3.2. Lefschetz duality

We consider a compact n-manifold M with boundary OM = A U B, where A and B are
compact (n — 1)-dimensional manifolds. The following theorem is a version of Poincaré’s
Duality for this case. Whenever A = () ou B = (), this version is known as Lefschetz
duality. More precisely:

Theorem 3.7 (Lefschetz duality). Let M be an R-orientable compact n-manifold with
boundary such that OM can be decomposed as the union of two (n — 1)—manifold A
and B, compact and with common border 0A = 0B = A N B. If we consider the

2We consider the possibility of that A, B or A N B are empty sets.
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fundamental class [M] € H,(M,0M, R), then homomorphism

Dy HP(M,A;R) — H,_,(M,B;R)
v = Dul(e),

given by Dy () = [M]| ~ ¢ is an isomorphism, for each p € Z™.

Proof. Note initially that the dual map D), is well defined. In fact, since M is R-
orientable, then M \ OM is also R-orientable. Thus, Lemma guarantees the existence
of a fundamental class relative to [M] in H,,_,(M,0M, R) which provides guidance at
each point of M \ 0M. Now, just consider the more general form cap product and use the
collar neighborhoods of 0A, B and 0 M. For more details, one can see [16].

We prove the result is true for the case B = (). We have OM = AUB = A
and OA = 9B = (), that is 9M has no boundary and H?(M, A, R) = H?(M,0M, R).
Once M is compact with boundary, then 0M has a collar neighborhood in M and, con-
sequently, H?(M,0M,R) = HP(M \ OM,R). Now, we use Theorem to guar-
antee the isomorphism H?(M \ OM,R) = H,_,(M \ OM, R). Thus, we conclude
that H?(M, A, R) = H,_,(M \ OM, R). Once H,,_,(M \ OM,R) = H,_,(M,R) =
H, ,(M.,0,R) = H,_,(M, B, R), the result is true for B = (.

The general case reduces to the case where B = (), by applying the Five Lemma
to the following diagram (to simplify the notation we omit the ring R):

. —— HP(M,0M) —— HP(M,A) — HP(OM,A) — HPYY(M,0M) —> - --

1%

D HP(B,0B)

Dp

- —— Hyp (M) —— Hyp—p(M,B) — Hy—p1(B) — Hppi (M) — ---
where the top line is the exact sequence in cohomology of the triple (M, M, A) and the
bottom line is the exact sequence of the pair (M, B) for the homology.

We write OM = (AU B) U C, where C' = (). We have 9(A U B) = 9(0M) =
) =0C. Since (AUB)NC = then 9(AU B) = 9C = (AU B) N C. For the previous
case, the result is true for C' = (), thus the dual map

H’(M,AUB,R) — H,_,(M,R)
o = [M]~¢
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is an isomorphism, ie., H?(M,0M,R) = H,_,(M,R). Likewise, Dp
H?(B,0B,R) — H,_,-1(B, R) is an isomorphism. On the other hand, we know that
OM = AU B. Using collar neighborhood, we can assume that A and B are open sets
in OM and consider the inclusion (B, B N A) — (90M,A). By Excision Theorem,
HP(B,BN A,R) = HP(OM,A,R). Since BN A = 0B, one has H?(OM, A, R) =
H?(B, 0B, R). Therefore, the composition

H?(OM,A) —— H?(B,0B) —— H,_,_1(B)

is an isomorphism. Once the diagram commutes, Five Lemma implies the dual map D,

is an isomorphism. [

3.3. Alexander duality

Fifteen years after the proof of the first version of Poincaré Duality, [4], Alexander guar-
antees in [[17, [18] that the homology was independent of triangulation. Consequently, it
holds for combinatorial manifolds. In [5]], Alexander gave a new proof and generalized the
Jordan-Brouwer Separation Theorem, nowadays known as Alexander Duality. Alexander
ensured the existence of an isomorphism between a homology group of the complement
of a compact set K in a sphere S™ and a cohomology group of K. More precisely:
Theorem 3.8 (Alexander Duality). If K C S™ is a proper subspace of S™, such that K is
non-empty, compact and locally contractible, then H,(S" \ K;Z) = H" *~Y(K,Z), for
allp € Z+.

Proof. We present a proof just for the case where p # 0. The case p = 0 is simpler
and is left to the reader (an idea of the proof can be found for example in [15]). So,
after supposing p # 0, we hide the ring of coefficients Z, for simplicity. Let A :=
{U open set of S™ | K C U}. For Poincaré Duality, we have

Hy(S"\ K) = H"7(S"\ K). (12)

Furthermore, by defining B := {L C S\ K | L is compact}, we have

H(S"\ K) = I B (8" \ K) | L), (13)

Write K¢ := S™\ K and define A := {L. € K°: L is compact}. Note initially that
there is a bijection between the sets A and A. In fact, given L € A, we have L C K which
implies that K’ = (K¢)° C L. Since L is compact then L is an open set in S™, therefore
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L¢ € A. On the other hand, given U € A then K C U and hence U¢ C K*¢. Now, U¢
is a closed set in S™ which implies that U¢ is compact and thus U¢ € A. Therefore, the

association U — U° is a bijection. Consequently, we can write

lim H"P((S"\ K) | L) = lim H"?((S"\ K) | U°) = lim H"?(S"\ K,U \ K).
Ll?nj((\ﬂ)%((\)l)%(\\)

Since K is a closed set, U is an open set and K C U, by Excision theorem we
have H" P(S"\ K,U \ K) = H"?(S™",U), forall U € A. Thus,

lim HY P(S"\ K, U\ K) = lim H"P(S".U). (14)

Given U € A, consider the exact long sequence of the pair (S™,U):

- —— HYP NSy —— HPYU) —— H"P(S™,U) —— H" P(S") —— .-

Since p # 0 then H"?(S™) = 0, therefore H" 71 (U) = H" ?(S",U), forall U € A.

Consequently, we have

li%n H"?(S"U) = li%n H"P~1(U). (15)

We show that li%n Hi(U) = H(K), forall i € Z*. Let K be a subset of compacting 5"

of R" and any i € Z™". Since K is locally contractible then it is also a retract of some
neighborhoocﬂ Uy in S™. To compute the direct limit, we can restrict attention to the open
set U € A such that U C U,. Consequently,

limHi(U) >~  lim Hi(U) = lim H'(U),

A UeAUCT, A
where A’ = {U € A: U C Uy}. Note that, given U € A’, we have that K is a retract of
U. In fact, since K is a retract of Uy, there is a retraction vy, : Uy — K. Since U C U
and K C U, we can consider the restriction 7y = vy, |y : U — K. Therefore vy is a
retraction. With this, we can show that the restriction morphism

O : lim H'(U) — H'(K)
A/

3A compact subspace K C R™ is a retract of some neighborhood in R™ if and only if K is locally
contractible, see [[15, Teorema A7].
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is surjective, injective, and therefore an isomorphism. Therefore,

lim H'(U) = lim H'(U) & H'(K). (16)
A A

Finally, the sequence of isomorphisms

IXE

Hy(5™\ K) HIP(S™\ K)

[N

lim 1" (S"\ K, U\ K)

IIE]

lim H* (5", U)
A

[NE

li%n H" =Y (U)

[N

anpfl (K),
shows that the result is true for p # 0, as we wanted to show. O]

The next type of duality is useful in the topological classification of the link of the
singularity at the origin. See Lemma 4.7 for more details.
Theorem 3.9. Let M be a orientable n-manifold and K C M a compact, locally con-
tractible subspace. There are isomorphisms H,(M | K) = H" P(K), for all p € Z.

Proof. Let U be an open neighborhood of K in M and V' the complement of a compact

setin M. We assume U NV = (). By Excision Theorem, we have

H,(M | K) = H,(U | K). (17)

If we consider A = U, B = V, we have that A U B is the union of open sets.
Consequently, (A U B, A, B) is an excisive triad. In addition, AN B =U NV = () and
again by Excision Theorem, the inclusion of pairs (A, AN B) — (AU B, B) induces a
isomorphism H" P(AU B, B) 2 H" ?(A, AN B). Therefore,

H"P(UUV, V)= H"?(U,0) = H"?(U). (18)

Now consider the exact homology sequence of the pair (M, M \ K):

= Hy(M\ K) — Hy(M) — Hy(M | K) = H)(U [ K) — -

Also consider the triple (M, U U V, V') and the inclusions
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(UUV,V) —— (M, V) —L— (M, UuU V).
These inclusions induce an exact sequence in cohomology
H" P(M,UUV) — H"P?(M,V) — H"P(UUV, V)= H"P(U).

Now, considering the isomorphisms in [18)) and cap product with the funda-

mental class of M, we obtain the commutative diagram below:

coo — H"P(M,UUV) — H"P?(M,V) —— H"P(U) — ---

-— H,M\K) ——— H,(M) —— H,(U | K) — ---

By Poincaré Duality, taking the direct limiton U D K and V/, the first two vertical

arrows become isomorphisms
HIP(MA\K) —= Hy(M\ K)
and
HEP(M) — Hy(M).

Considering the commutative diagram above and the vertical isomorphisms, the
Five Lemma guarantees that for U open set in M, we have an isomorphism

H,(M | K) = lim H"?(U). (19)
UDK

Note that K is a retract of a neighborhood U, of M. In fact, in order to obtain a
retraction, we initially built a map M — R?® that is a topological embedding in the neigh-
borhood of the compact set K, with s sufficiently large. So, without loss of generality, we
can consider K as a compact of R"”, locally contractible. Consequently, K is a retract of

some neighborhood of R".

Now, we follow the same steps used in the proof of Theorem [3.8] to obtain the

isomorphism lim H""?(U) = H" P(K), and therefore the desired result follows from
UDK

(T9). O
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4. The exotic n-spheres

In [[10], Milnor presented the first seven examples of 7-dimensional exotic spheres, which
give rises to questions related to the existence of extra exotic structures over 7-sphere,
and also about exotic structures on spheres in other dimensions. Several techniques were
developed and published, for instance [13, 19, 20, |14, 21} 22} 23, 16]].

In [13]], for the case n > 5, Kervaire and Milnor studied the group of h cobordism
classes of oriented homotopy of n-spheres ©,,, which is finite and abelian. For n # 4,
it is well known that ©,, is isomorphic to the group of equivalence classes of smooth
structures on n-spheres, which is the classes of oriented smooth n-manifolds which are
homeomorphic to the n-sphere, taken up to orientation-preserving diffeomorphism, and
the operation is the connected sum (for more details, see [24]). Consequently, the proper-
ties of ©,, provide a remarkable knlowledge about the existence of n-dimensional exotic
spheres. For instance, concerning to the order of ©,,, we already know that |©;| = 1,
for k € {1,2,3,5,6,12,61}, i.e, each of St, 5%, S3, S5, 5S¢ S'2 and S only has a
O15] = 16256, i.e., S'° admits 16255 exotic

unique smooth structure. On the other hand,

structures. For more details, see [[19, 20].

Also in [13], Kervaire and Milnor ensure the existence of the cyclic subgroup of
classes of homotopy n-spheres bF, ; C ©,, that bound parallelizable manifolds (which
are manifolds with trivial tangent bundle). It is trivial if nis even. If n = 1 mod 4, it has
order 1 or 2. More precisely, in [25] Browder proved that it has order 2 if n =1 mod 4

is not of the form 2% — 3.

Motivated by work [21], Egbert Brieskorn introduced in [22] and [23] the
Brieskorn-Pham manifolds, which are example of exotic spheres. Brieskorn considered
a complex analytic variety V' of complex dimension n in some affine space CV, with a
unique singular point at P, defined by one single equation, i.e., a singular complex hyper-
surface V. Its link K := V' N S?V~1 which is independent of ¢ > 0 sufficiently small (up
to isotopies), is a Brieskorn-Pham manifold, as the next theorem shows (here we use the

same statement as in [[26]]):

Theorem 4.1. [23|] Every exotic sphere of dimension m = 2n — 1 > 6 that bounds a
paralelizable manifold is the link K of some singular complex hypersurface of the form

2 4 252 4 -+ 20 = 0, for some appropriate integers a; > 2, j =1, n.

For instance, all the 28 possible smooth structures on the oriented 7-sphere (in-
cluding the standard euclidean sphere), which bound a parallelizable manifold, are given
by the links of the singular complex hypersurface of the form 22 4 23 + 23 + 23 + +20" ' =

0, wherep =1,2,--- ,28.

LAJM v.2.n.1 (2023) 90 ISSN 2965-0798




@ LAJM - LATIN AMERICAN JOURNAL OF MATHEMATICS

4.1. The link as a homotopy sphere

Let f : U C C*"! — C be a representative of an analytic complex germ with U an open
setin C"*1, f(0) = 0and V; = f~1(0). Consider the set K. = V;NS2"!, which is called
the link of the singularity at the origin. In [14], Milnor improved techniques developed
by Pham, Brauner, Brieskorn, and Hirzebruch to find conditions under which the link K.
is a representative of an equivalent class of smooth structure on n-spheres which bound
a parallelizable manifold. Namely, an element of the cyclical subgroup 0P, C O,
formed by the homotopy classes of n-spheres that bound parallelizable manifolds. More

precisely, Milnor proved the following results.
Proposition 4.2. [l/4, Corollary 2.9] There exists small enough ¢, > 0 so that every

sphere S2"T1 C C"*! centered at 0 € C""! with 0 < ¢ < &, intersects Vy \ {0}
transversally. Moreover, there is a smooth 1-parameter family of diffeomorphisms {v,},
t € [0,¢), such that -y is the identily and if S*"" denotes the sphere of radius ¢ — t, then
each y; carries the pair (S*"*1, K.) into (S*"*, K._).

As we just have seen, once the link of the singularity at the origin K is indepen-

dent of the radius ¢ (up to diffeomorphisms), we start to denote it only by K.
Theorem 4.3 (Milnor fibration - Complex case). Let f : (C""10) — (C,0) be a complex

analytic map germ. There exists a small enough real number €y > 0 such that for any
0<e<e,

¢ = ﬁ 52\ K — S1 (20)

is a smooth projection of a locally trivial fiber bundle, which is independent of the choices
of small enough ¢ > 0, up to diffeomorphisms. Each fiber Fy = ¢~ (¢") , where ¢ €
St is a smooth parallelizable manifold (2n)-dimensional, with the homotopy type of a

n-dimensional CW-complex.

Besides, whenever the origin is an isolated critical point of f, Milnor associated
for it a multiplicity denoted by u(f), later named by several authors the Milnor number

of the singularity, given by the topological degree of the map

Vf 9
€E——: SG”+1 — S?”H,
V£

and proved the following result.
Theorem 4.4. Let f : (C"™1,0) — (C,0) be a complex analytic map germ with isolated

critical point at the origin. Then each fiber Fy has the same homotopy type of a bouquet
of n-dimensional spheres \/f:({) SI, with u( f) spheres on the bouquet. Each fiber can be
considered as the interior of a smooth compact manifold with boundary, Fy = Fy U K,
where the common boundary K is an (n — 2)-connected compact manifold (2n — 1)-

dimensional.
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In other words, all the fibers Fj, fit around their common boundary K and the
smooth manifold K is connected if n = 2, and simply connected if n > 3.

Therefore, the fact the fibers F} be parallelizable manifolds together with Theorem
give that the link K represents an element of the subgroup bF%,, provided K is a
homotopy sphere.

Now we present relations between the Poincaré Duality and the study of the ex-
istence of exotic structures on spheres. We recall some conditions (such as sufficiency,
necessity, and computability) found by Milnor so that /& be homeomorphic to the (2n—1)-
sphere and, consequently, a homotopy sphere (see [14}, Chapter 8]).

In the following, we assume that f : (C"** 0) — (C,0) is a complex analytic
map germ with isolated critical point at the origin and n > 1. Recall that a homology
sphere is a d-dimensional manifold having the homology groups of a d-sphere.

Lemma 4.5. For n # 2, the link K is homeomorphic to the (2n — 1)-sphere if and only if

it is a homology sphere.

Proof. First we consider the case n > 3. If K has the homology of the sphere, one has
that
Z,ifj=2n—1

Hy(K,Z) = Hy(S™ ", Z) =
0,ifj #2n—1

Since Moore spaces are uniqu (up to homotopy), one concludes that K and S**~! are
homotopy equivalent. Thus, Theorem 4.4 implies that the compact manifold K is simply
connected with dimension 2n—1 > 5. Therefore, by the generalized Poincaré conjecture,

K is homeomorphic to a sphere 52"~ 1.

Next, assume that n = 1. One has H,(K) = Z and H;(K) % Z, for all j #
1. Therefore, it follows from the classification of low dimension manifolds that K is

homeomorphic to S*.

The converse is trivial. ]

Remark 4.6. As explained by Milnor in [14], if we consider n = 2 and the Brieskorn
polynomial f(z1, 22, 23) = 2%+ 25 + 25, Hirzebruch points out that the corresponding link
K is a homology 3-sphere, but |1 (K)| = 120. Therefore, K cannot be homeomorphic
to S3. Consequently, for n = 2 the corresponding statement to Lemmais false.

Lemma 4.7. For n # 2 the link K is homeomorphic to the (2n — 1)-sphere if and only if
the reduced homology group H,_, (K) is trivial.

4See [13. p.368]
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Proof. As we have seen, the link K is a orientable and compact manifold (2n — 1)-
dimensional. So, the Poincaré’s Duality implies F?(K) = Hy,_1_4(K) and Theorem[3.9]
ensures that H o, 1)—4(S: | K) = H?(K). Hence, after rewriting i +-2 = 2n — ¢+ 1, one
has

Hi(K) = H;o(S: | K),

for all 2.

Consider the exact sequence of the pair (5., S. \ K):

- —— Hy(S:\ K) —— Hy(S.) — Hy(S: | K) —— H;1(S:\K) —— -+~

One has that S. \ K is a CW-complex such that dim(S. \ K) < n + 1. Therefore,
Hi(S:\ K) =0, forallt > n+ 1and Hi(S.) = Hy(S;, 5.\ K) forallt > n + 1.
Consequently,

Hyo(K) = H,(S.),

for all t > n + 2 and one has:
0,ifn<j<2n—2 (n+2<t<2n)
H

J(K) =Sz ifj=2n—1 (t=2n+1)
0,ifj>2n—1 (t>2n+1)

Now, Theorem @ implies that K is connected if n = 2, and simply connected if n > 3,
which implies that Hy(K) = Z.

By Hurewicz’s Isomorphism Theorem, H;(K) = 0, for all j < n — 1 and by
hypothesis, H,_1(K) = 0. Therefore,

Z,ifj=0ej=2n—1
0, ifj € Z\ {0,2n — 1}

Where one does conclude that K is a homology sphere. Now, the result follows from
Lemma 4.3 L

Next, choose an orientation for the 2n-dimensional orientable manifold £}y and

consider, for any two n-dimensional homology class «, 5 € H,(Fjp), the intersection
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number s(«, ). Now, one can to consider the intersection pairing

SHn(Fg)@Hn<F9) — 7
a®f — s(a,p).

For more detail, see [27, p.59].
Lemma 4.8. For n # 2 the link K is homeomorphic to the (2n — 1)-sphere if and only if

the intersection pairing

SHn(Fg)@Hn<F9) — 7
a®f — s(a,p),

has determinant £1.

Proof. Consider the exact sequence in homology of the pair (Fy, K):

H,(Fy) —2 H,(Fy,K) —2— H, \(K) —— H,_1(Fy)

Since Fy is (n — 1)-connected, the Hurewicz Theorem implies that H,(Fy) = 0,
for all ¢ < n — 1. Consequently, 0 = H,,_;(Fy) = H,_,(Fy). Hence, the exact sequence
in homology of the pair (F, K), becomes:

H,(Fy) =2 H,(Fy, K) —2= H, 1(K) — 0
Now, the Poincaré Duality ensure that
Hy, o(Fy, K) = HY(F),
for all integer q. After choose ¢ = n, one has

H,(Fy, K) = H"(Fp). 1)

Since H,(Fp) = H,(Fy) = @ ,Z and H,_,(Fy) = 0, then Universal Coeffi-

cient Theorem for Homology guarantees that

H"(F’g) &= EXt(Hn_l(Fa), Z) S HOm(Hn(F9>7 Z) =0 Torsigln((ge)(Fg)) o)

~

Therefore, the above sequence of isomorphisms and (21) imply H,(Fp, K) =
H,,(Fy). Consequently, one concludes that H,,(Fy, K) is torsion free, has rank y and:
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(1) the intersection pairing

S/:Hn(Fg,K)@Hn(Fg) — 7
adp — §(a,p),

has determinant +1,

(i) s(a,B) = s'(ji(a), B).
Let us assume that K is homeomorphic to the (2n — 1)-sphere. In this case,
K is a homological sphere and the equality H, (K) = H,(K) = 0, implies that
jx  Ho(Fy) — H,(Fp, K) is an isomorphism. Since H,(Fy) = H,(Fy), after identi-
fying o = j.(«), one has s(«, 5) = §'(«, 8). Consequently, condition (i) implies that
determinant of s is +-1.
Conversely, assume that the determinant of s is £1. Hence, j. is an isomorphism

and using the exact sequence in the homology of the pair (Fy, K), we conclude that the

manifold K is a homological sphere. Now, the result follows from Lemma4.3]

]

The last result is a computational criterion that helps us to decide when the link is
homeomorphic to the sphere. Before, let us consider the following definition.

Definition 4.9. Consider the monodromy of the locally trivial fiber bundle (20) and the
induced representation in the middle homology of the fiber Fy = ¢~ *(1):

h, : Hn(F()) — Hn(F0>

The characteristic polynomial of the monodromy is given by A(t) = det(¢tI, — h,). It
can also be called characteristic polynomial of the typical fiber.

Remark 4.10. Note that A(¢) is a polynomial of the form t* + a;t* ' + -+ +a, 1t £ 1,

with integer coefficients.

Theorem 4.11. For n # 2 the link K is homeomorphic to the (2n — 1)-sphere if, and only
if
A(l) = +1.

Proof. Wang’s Lemma implies the exactness of the following sequence

i Hn-i-l(Sa\K) E— Hn(FO) M> Hn(FO) — Hn(SE\K) —
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The Alexander’s Duality ensure that
Hy, (S \ K) = g D=1y — gro1([),
On the other hand, by Poincaré Duality one has the following isomorphism
H"NK) 2= Hon1)-(n-1)(K) = Ha(K).
Consequently, H,,1(S: \ K) = H,(K) = 0 and one can rewrite the exact sequence

Hn(F(]) ? Hn—1<K)
Thus, Lemma |4.7|implies that the previous exact sequence becomes

0 — Hy(F) 2= 0,(F) — 0,

(i.e., h, — I, is isomorphism and det (I, — h,) is invertible), if and only if K is homeo-
morphic to the (2n — 1)-sphere. Since det(/, — h.) € Z, then it is invertible if and only
if det(l, — h,) = £1. Therefore, K is homeomorphic to the (2n — 1)-sphere if and only
if, A(1) = £1. 0

We finish this paper by presenting Kervaire’s exotic 9-sphere.

Example 4.12. Consider the Brieskorn-Pham polynomial f(z1, ..., 2,11) = 27" + 292 +
- =z, withay = -+ = a, = 2 and a,41 = 3. It is possible to show that

A(t) = t? —t + 1, for n odd. Consequently, one has A(1) = 1 and Theorem ensures
that the manifold K is homeomorphic to the (2n—1)-sphere, with 2n—1 = 1,5,9,13,.. ..

Since f has isolated critical point at the origin, the Theorem ensure that K
represent a element of the subgroup bP,, C Og, ;. As we have seen, |©;] = 1 and
|©5| = 1 that is, the spheres S* and S® have a single smooth structure, not allowing exotic
structures. Then for the cases n = 1 and n = 3, the manifold K is diffeomorphic to the
standard sphere S! or S°. But, for n = 5 one can use the Kervaire invariant ¢(Fy) € Zy to
ensure that the 9-dimensional manifold K is diffeomorphic to Kervaire’s exotic 9-sphere.
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