)

Latin American Journal of Mathematics (ISSN 2965-0798) l\\\%&\\\‘
=

© hhttps://doi.org/10.14244/lajm.v4i1.39)

Jacobsthal-Mulatu Numbers*

Elis G.C. Mesquita! ©, Eudes Antonio Costa® ©,
Paula M.M.C. Catarino® @, and Francisco R.V. Alves*

'Department of Mathematics, Federal University of Tocantins Campus Palmas,
77020-021, Tocantins, Brasil

2Department of Mathematics, Federal University of Tocantins, Campus Arraias,
77330-000 Tocantins, Brasil

3Department of Mathematics, University of Tréas-os-Montes and Alto Douro,
5000-801 Vila Real, Portugal

“Department of Mathematics, Federal Institute of Educations, Science and Technology
of State of Ceara, Fortaleza 60040-531, Brasil

elisgardel@uft.edu.br; eudes@mail.uft.edu.br; fregis@ifce.edu.br; pcatarin@utad.pt

Abstract. The aim of this study is to find a sequence of Jacobsthal-type numbers, which
we will denote by {JM,},>o and name as the sequence of Jacobsthal-Mulatu, such
that each term of the Jacobsthal-Lucas sequence, denoted by {j,}n>0, is an average
term between JM,, and J,, where {J,},>0 is the classical Jacobsthal sequence. We
investigated some key characteristics of the sequence of Jacobsthal-Mulatu. In this
study, we present some interesting properties of these sequences of numbers explored

in connection with the sequences {J,, },>0 and {j, }n>0-
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1. Introduction

The Fibonacci sequence, {0,1,1,2,3,5,8,...}, is known such that each term of this
sequence is the sum of the previous two and is defined by the recurrence relation F,, = F,, 1+ F},_

such that n > 2 with the initial values Fy; = 0 and F; = 1. The Fibonacci sequence
listed as A000045 in the OEIS [1]. Moreover, Lucas sequence, whose recurrence relation
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L, = L,_1 4+ L,_5 such that n > 2 and initial values are Ly = 2 and L; = 1, is known as
sequence A000032 in the OEIS [1]. It is one of the well-known mathematical facts and has a
considerable number of applications, see [2, 3, 4]. Recently, in [S], by changing the initial terms,
the Fibonacci-Mulatu sequence is defined by FM,, = FM,,_, + FM,,_5 such that n > 2 with the
initial values FM, = 4 and FM; = 1, and this sequence is cataloged as A022095 in the OEIS [1].

We can cite here recent papers [, 16, [7, 18], where Fibonacci-Mulatu numbers are considered.

The Jacobsthal sequence, {0,1,1,3,5,11,21, ...}, is the sequence in which the terms are
defined by the recurrence relation J,, = J,,_1+2J,,_5 such that n > 2 with the initial values Jy = 0
and J; = 1. Analogously to the Lucas sequence, the Jacobsthal-Lucas sequence [9] is defined by
the same recurrence relation j, = j,_1 + 2J,_o such that n > 2 and initial values j, = 2 and
Ji=1

Theorem 5 from [7] established that the Lucas sequence is the arithmetic mean of the

Fibonacci and Fibonacci—Mulatu sequences, that is,

2L, = F, + FM,, , forall n € N. (D)

Equation determines when a sequence has the suffix Mulatu. Consider three distinct
sequences A = {a,}n>0, B = {bn}n>0 and C' = {¢, },>0 with the same recurrence relation,
where B is the Lucas type of A. If

2b, = a, + ¢, , foralln € N,
then we say that the sequence C' has the suffix Mulatu, hence, C' is an A-Mulatu sequence. In this
case, for Equation (1), a,, = F,,, b, = L,, , and ¢,, = FM,,.

This study aims to systematize a new sequence of the Jacobsthal type. By changing the
initial terms, we will define the Jacobsthal-Mulatu sequence {JM,, },>o, defined by the recurrence
relation

IM,, = IMy,_1 +2JM, 5, n>2, 2)

with the initial values JM, = 4 and JM; = 1. Table [l presents several terms of Jacobsthal,

Jacobsthal-Lucas, and Jacobsthal-Mulatu numbers, and the respective identification in OEIS [1]].

Table 1. First few terms of Jacobsthal, Jacobsthal-Lucas, Jacobsthal-Mulatu sequences.

n [0 1 2 3 4 5 6 7 8 9 10 | id OEIS
J, 10 1 1 3 5 11 21 43 8 171 341 | A001045
Jon |2 15 7 17 31 65 127 257 511 1025 | A014551
JM, |4 1 9 11 29 51 109 211 429 851 1709 | A344109

Let {h,} be the Horadam sequence defined for all natural numbers n by the second-order
linear recurrence relation h,,, = —ph, + qh,—1, n > 1, where p and ¢ are fixed integers,
and the initial conditions are given by hy = a and h; = b. This sequence was introduced by

Horadam [10, [11} [12] and generalizes several well-known sequences whose recurrence relations
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correspond to the characteristic equation 2% + px — ¢ = 0. The Horadam sequence is specified
in the Jacobsthal sequence if we let p = —1;q = 2;a = 0;b = 1. Further general results and

extensions concerning the Horadam sequence can be found in [10} [13]].

Our research problem is the determination of properties for the Jacobsthal-Mulatu
sequence analogous to the Jacobsthal sequence and relationships between three sequences:
Jacobsthal, Jacobsthal-Lucas, and Jacobsthal-Mulatu numbers. The sequence that is the subject
of this study is an extension of the Jacobsthal sequence. The remainder of this paper is organized
as follows: In Section [2 we derive the Binet formula for the Jacobsthal-Mulatu numbers and
explore its applications. We begin by reviewing key concepts and results related to Jacobsthal
numbers, establishing initial relationships among the three sequences in the Jacobsthal family.
In Section {3, we establish some identities for the Jacobsthal-Mulatu sequence. The classical
identities are studied. While in Section ] we focus on obtaining the generating functions for
the Jacobsthal-Mulatu sequence. Specifically, we establish three types: the ordinary generating
function, the exponential generating function, and the Poisson generating function. In Section [5
we investigate the properties and identities associated with the partial sums of the terms involving
the Jacobsthal-Mulatu sequence, and moreover, the limit of some quotients is presented. Finally,

in Conclusion, some notes on future research are stated.

2. Binet’s Formula and Applications

In this section, we determine the Binet formula for the Jacobsthal-Mulatu numbers and
present some applications. Firstly, we take up some concepts and results relating to Jacobsthal
numbers and present some of the first relationships between these sequences of the Jacobsthal
family.

2.1. Background and preliminary results

The Jacobsthal-type sequence is known to be associated with the characteristic equation
r2=r+2 3)

whose two distinct roots are 1 = 2 and r, = —1, which play a central role in deriving the

properties of the sequence. For further details on Jacobsthal numbers, see [2, 3, 9, 14, [15,16].

Lemma 2.1 ([9], Equations (2.3) and (2.4)). Let n > 0. Then, the following hold:

Ty — 7o 3

and
Jn=17+rE=2"4+(=1)". 5)

®
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Equations and (9), respectively, are Binet’s formula for the Jacobsthal and
Jacobsthal-Lucas sequences. We present a similar result for the Jacobsthal-Mulatu sequence as
follow:

Proposition 2.2 (Binet-like Formula). Let n > 0. Then, the following hold:

M. — (1 —dry)rf + (4ry — 1)1l _ 5-2”+7-(—1)”‘ ©)
" r — T 3

Proof. Let r, and 7, be the distinct roots of Equation (3). We need to find integers ¢; and ¢ such
that

JM, = c1r] + corly .
By the initial conditions,
JMO =cC+c = 4
JM1 =171 + Corg = 1

which implies that ¢; = =2 and ¢, = {==. Then,

r1—T

(1 — 47"2)7“711 + (47"1 — 1)7"5

rL—re

JM,, =

Since r; = 2 and o, = —1, the proof is concluded. O

This sequence with the general term w index-linked as 4344109 in the OEIS [1]
is connected to the Jacobsthal recurrence and will be referred to as Jacobsthal-Mulatu. However,
we have yet to show that this sequence satisfies Equation (I). Since the Jacobsthal and
Jacobsthal-Lucas sequences are not the main object of study in this work, we will list some
identities involving these sequences, omitting their proofs, which will be necessary for the proof

of properties of the Jacobsthal-Mulatu sequence.

Lemma 2.3 ([9], Equations (2.5), (2.6), (2.10) and (2.11)). Let n > 1. Then, the following hold:

9 = 2jn1+ Jnst (7
Jn—1Jn+1 - (Jn)2 = (_1)n2n—1 (8)
jn—ljn-i—l - (]n)Q = 9(_1)n—12n—1 (9)
and
jn - 2Jn—1 + Jn+1 . (10)
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Lemma 2.4. Let n > 1. Then, the following hold:

9Jpdni1 = Jonea + (=1)"H2" (11
9(Jn)2 = Jon + (—1)"“27“rl (12)
Jn+1 jn - J2n+1 + (_1)71271 (13)
Inns1r = Joppr — (—1)"2" (14)
jn jn+1 = j2n+1 + (_1)n2n (15)
3(Jnt1 4 Jn1) = 2 +2"7" (16)
and
Jop1 F o1 = 6J,+2"71. (17)

Proof. Using Equations () and (5)), we have

S el TS
I Jns1 = (T1 + 7y )
T —T2
1
= [P 4 ro(rame)™ — (rire)™ry — 13"t
T — T
1
— [r%n-i-l - (T1T2)n(rl . 7“2) _ Tgn—i-l]
T —Te
1
= [T%THJ — T§n+1:| — (7"1’]"2)” = J2n+1 — (_1)n2n’
T —Te
and then we have obtained Equation (14). Equations (T1), (12)), (13)), (13), (I7), and (16) are
obtained in a similar manner. []

Afterward, we consider a generalized Jacobsthal sequence {GJ,},>¢ that extends the
classical Jacobsthal sequence by incorporating two arbitrary initial values G.Jy and GJ;. Itis defined
as follows:

GJ, = Glp_1+2GJ,_5, foralln > 2,

with the initial conditions GJy = a and GJ; = b, where a and b are arbitrary integers.

Proposition 2.5. Let n > 0 and m > 1. Then, the following hold:
Gloim =21 -Gl + Ji - Glpy1 (18)

where {J,,}n>0 is the Jacobsthal sequence.

Proof. The proof is made using the principle of mathematical induction on m. For m = 1 and
m = 1, the identity holds because J, = 0, J; = 1, and J, = 1. Suppose that Equation (T8)) is

LAJM v. 04 n. 01 (2025) 27
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verified for every value less than or equal to m, for some m > 2. Then,

Glosmst = Glosm + 2GT 1
= 201G + TGt + 2+ 200Gy + 2T 1 G
= 2Tt + 2T 2] G + [T + 2T 1] G
= 200Gy + Ty Glnsr -

Therefore, the identity holds for every non-negative integer. 0

A direct and immediate consequence of Proposition [2.5]is the following corollary.

Corollary 2.6. Let n > 0 and m > 1. Then, the following hold:
Jn—i—m = 2Jm—ljn + JmJn+1 (19)
and

jn-l—m - 2Jm—1jn + ijn-‘,—l . (20)

The following auxiliary result involves two generalized Jacobsthal sequences and can be
seen as a version of Equation (18) presented in [4].

Proposition 2.7. For any generalized Jacobsthal sequences {GJy, }n>o and { HJ,, } >0, that is, both
satisfy [2)), the following identity holds:

GJn+mHJn+l - GJnHJn+m+l - (—1)n2n<GJm HJl - GJO HJm+l). (21)

Proof. Define
[n - GJn+mHJn+l - GJnHJn+m+l .

From Equation (T8) , since

]n - GJn—l—m HJn—l—l - GJn HJn+m+l
— (2T G+ Ton GtV H it — G (2T Hss + I H s 141)
= Jm<GJn+1 HJn+l - GJn HJn+l+1>

and

[n+1 = (2JmGJn + Jm+1GJn+1)HJn+l+1 - GJnJrl (2=]mH=]n+l + Jm+1HJn+l+1)
= 2Jm(GJn HJn+l+1 - GJn+1HJn+l)a

then
In+1 - _2In .

®
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Thus,
In - (-1)”2”[0,

and hence
GJn+mHJn+l - GJnHJn+m+l == (—1)n2n(GJmHJl - GJOHJm+[> .

[

2.2. Connection of Jacobsthal-Mulatu numbers with Jacobsthal-type numbers

In this subsection, we explore the relationships between Jacobsthal-type sequences and the

Jacobsthal-Mulatu sequence. First, it follows from Binet’s formula that the following result holds:

Proposition 2.8. Let n > 1. Then, the following hold:

IM,, = J,, +8J,_1. (22)

Proof. According to Equation (6)) and the fact that 7, = —2, we have

M. — (1 —dry)ry — (1 — 4dry)ry -y N 87‘?’1 —
" T —T2 L —T2 =Ty
Thus, the result follows from Equation (@) . ]

In a similar way, we have the following result.

Proposition 2.9. Let n > 0. Then, the following hold:

JM,, = Jpi1 + Jn + (=17

Afterward, we will show that each Jacobsthal-Mulatu number is a linear combination of
Jacobsthal and Jacobsthal-Lucas numbers.

Proposition 2.10. Let n > 0. Then, the following hold:

IM,, = 20 — Jn - (23)

Proof. The proof is given by mathematical induction. Note that
IMy=2jo—Jp=2-2—-0=4,
and

My =25, —J,=2-1-1=1.

®
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Suppose that the result is valid for any positive integer less than or equal to n, for some n. Then ,

IM,y1 = JM,, + 2JM,_,
= 2]71 - Jn + 2(2771—1 - Jn—l)

= 21— T -

Thus, the result is valid for any non-negative integer. 0

Therefore, we obtain as follows that each Jacobsthal-Lucas number is the arithmetic mean

Jacobsthal and Jacobsthal-Mulatu numbers:
Corollary 2.11. Let n > 0. Then, the following hold:

2 = Jy + JM,, .

According to Equation (I)), Corollary shows that the sequence {JM,, },>o has suffix
Mulatu.

Another similar result can be obtained. We omit the proof of the following two results for
brevity.
Proposition 2.12. Let n > 0. Then, the following hold:

3(JMyiq + IM, 1) = 36J, — 2, + 52",
Proposition 2.13. Let n > 0. Then, the following hold:

M1+ 2JM,_y = 187, — .. 24)

2.3. Negative subscripts for the Jacobsthal-Mulatu sequence

In this subsection, we extend the definition of the Jacobsthal-Mulatu sequence to negative
subscripts. Using standard techniques for Fibonacci-type sequences, we establish a recurrence
relation for negative subscripts and derive explicit formulas consistent with the properties of the

sequence.

For the Jacobsthal and Jacobsthal-Lucas numbers with negative subscripts, according to
Equation (19) in [15]], we have the relations

-1 n+1
Jn = LJn (25)
2n
and
. (=)™
ey = ) 2
Jon onJn (26)

LAJM v. 04 n. 01 (2025) 30
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To extend the Jacobsthal-Mulatu sequence to negative subscripts, we use the modified
recurrence relation
2JM,,_o = JM,, — JM,,_;.

Then, we have the following pattern:

2JM_y = JM; — JMy = —1(—=1+41.2%) = —1(—J; + Jo - 2%),
22IM g =2JMy —2JM | = —1+3-22 = 1(=Jy + J3 - 2%) ,
25IM 3 =2>JM 1 — 2°JM 5 =3 —5-2 = —1(—Js + Jy - 2%).

Proposition 2.14. Let n > 0 an integer. Then, the following hold:

_1)n
JM_,, = ( 2n) (22 Js1 — Jn) -
Proof. LetU_, = (_2% (22J,41 — Jy,) for all integers n > 0. We want to show that U,, verifies

the recurrence relation U_,, = 2U_;,42) + U_(,,41) . Indeed,

(1)
2n+2

(-1

2U_(ng2) + U_(ny1) = 2 ontl

(22Jps3 — Jpso) + (22 T4z — Jnt1)

(=1)"
= 2 (2°Jng1 — Ju) = U,

Moreover, U_; = —%(QQJQ —Ji)and U_, = i(22(]3 —J). So, as {U,, },>¢ satisfies the recurrence

that defines {JM,, },>o with the same initial conditions, we conclude that U_,, = JM_,,. O

Another way to express {JM,, },,>0 is through the following result:
Proposition 2.15. Let n > 0. Then, the following hold:

_1)m
L, = Qn) (JM,, +2J,) . 27)
Proof. Combining Equations (23], and (26), the result follows. O

3. Some Properties

In this section, we establish some identities for the Jacobsthal-Mulatu sequence. The

classical identities are studied, and finally, the limit of some quotients is presented.

3.1. First identities for the Jacobsthal-Mulatu sequence

We start with the result that establishes the multiplication formula for two consecutive
terms of the Jacobsthal-Mulatu sequence.
Proposition 3.1. Let n > 0. Then, the following hold:

9JM, IMy 1 = Jongr + 25an + 28jan_1 + 35(—1)"2".

®
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Proof. By Equation (22)), we have
IMy IMy1 = Jndpir + 22 T2+ Jn1dnia] + 25001,

Hence, by Equations (8)), (9), (10), (IT) and (12) it follows that

9JIMy, JMp i1 = Jong1 — (—1)"2" 4+ 239[(—1)"2" " + 2(J,)%] + 2%[jan—1 + (—1)"2" 1]
= Jong1 — (=1)"2" + 2°[9(=1)"2""1 4 2(jan + (=1)" 12" + 20y + (=1)"27 7]
= Joni1 — (=1)"2" + 2%, + 2040, 1 + 9(—1)"2"2 4 (=1)"HI2"HE 4 (—1)m2" P
= Jont1 + 2 jon + 20201 + 35(—1)"2",

which proves the result. [

Proposition 3.2. For all non-negative integer n, the sequence {JM, },>o satisfies the following
identity:
9JM,, M, 11 = 37jops1 — 36Jon41 + 35(—1)"2". (28)

Proof. By Equations (TT)), (13)), (T4)), (T3)), and (23)) we obtain

OIM, IMys1 = (2 — Ju) (21 — Jner)
= 9[2%jnjnt1 — 2ndnt1 — 2Jnns1 + Jni1dn]
= 2°9[Jans1 + (—1)"2"] — 2°9Jn 11 + [Jong1 — (—1)"2"]
= 37jont1 — 36J2n41 + 35(—1)"2",

which completes the proof. ]

An immediate consequence of the Proposition [3.2]is the following corollary.
Corollary 3.3. The Jacobsthal-Mulatu sequence satisfies the identity

9JM,,JM,, 11 = 15JMy, 1 + 35(—1)"2" — 14,
for all non-negative integer n.

Proof. By using the Binet formula for Jacobsthal, Jacobsthal-Lucas and Jacobsthal-Mulatu

sequences, we obtain

37jans1 — 36Jgps1 = 25-22"T — 5.7 — 14
=5(5-2""" 4 7. (=1)>""") — 14

5.2271—&—1 7.(=1 2n+1
:15( +3 (=) )—14

= 15 . JMQnJ,_l - ]_4

The result follows from Equation (28). O

®
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We present two interesting results that exhibit combinations of certain terms of these

sequences.

Proposition 3.4. The Jacobsthal-Mulatu sequence satisfies the following identities
IMysrn = 21 JIM,, + T JM, 11 (29)

for any n and m non-negative integers.

Proof. Take GJ; = JM, in Equation (L8). O

Proposition 3.5. Let n and m be integers such that n — m > 0. Then, for the Jacobsthal-Mulatu
sequence {JM,, },>o, the following identity holds:

2IMy s = G Mo+ T (1800 — ) - (30)

Proof. Changing m by —m in Equation (18)), and by using Equations (9) and (25)), we have

_1)ym
JMn—m = (Q—m)(Jm—HJMn - JmJMn—I—l)

Then
IM i + 2" (=) IMy— gy = 21 My, + T My 1 + Tipi1 M, — T M4
= (2Jm-1 + Jmy1)IM,
and

IMsm — 2™ (1) IMyy_y = 21 IMyy + T My — Ty IMyy + Ty My
= (20t — Josr ) My + 20 My
= — T My, + 20 IM
= T (2IM,_y — JMyir) + 2T M
= 2 IMy_y — Ty IMpiy + 2 Myt
= 2y IMy_y + T IMiy i1
= T (2JM,_y + IMop ).

By summing the last two equations, we obtain
2IM s = Jin My 4+ T (20My 1 + IMpyq) -

Using Equation (24)), we obtain the result. O

LAJM v. 04 n. 01 (2025) 33 @



Latin American Journal of Mathematics (ISSN 2965-0798) l\%&\\\‘
Jacobsthal-Mulatu Numbers W=

I

3.2. Some classical identities

The Tagiuri-Vajda identity for the Jacobsthal-Mulatu sequence is presented as follows,
which we get using the previous result.
Proposition 3.6 (Tagiuri-Vajda’s identity). Let n, m and q be natural numbers. Then , the
following hold:

IMy i+ IMyg — IMy, - IMyy g = 35(=1)"112 0, J, . (31)
Proof. Taking GJ; = H; = JM; in Equation (21) , we have

Mg - IMysq — IMy, - IMyyimnsg = (—1)"27 [IMy, - JMy — JMg - IM ]
(=1)"2" [ UMy, - JMy — 4JM,0 4]
= (=1)"2" [IMy - My — 2 - 20My )] -

Jo[IMp +9 - 41 — 25
Jo[(IMy = 24m) + 9 - 4J,,]]
Jq[—Jm +9- 4Jm]]

[
[
[
—1)"2" = IMy Ty — 2J4(9 - 2 — )]
[
[
[

which establishes the proof. [

As a direct consequence of the Tagiuri-Vajda identity, the following results are generalized
to establish d’Ocagne’s identity, Catalan’s identity, and Cassini’s identity specifically for the
Jacobsthal-Mulatu sequence.

Proposition 3.7 (d’Ocagne’s identity). Let h and n be non-negative integer numbers such that
h —n > 0. Then, the following hold:

My, M1 — JMy, JMy o = 35(—=1)"T12" ], . .
Proof. Consider m = h — n and ¢ = 1 in Equation (31)), then

My, JM, iy — JMy, JMy oy = 35(=1)"12" . Jy
= 35(—1)""2"J,_,, .

®
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Proposition 3.8 (Catalan’s identity). Let h and n be non-negative integer numbers such that
h —n > 0. Then, the following hold:

IM,, 1 g M,y — (JM,)? = 35(—1)"+7. 27749( ], )? . (32)

Proof. Taking m = —q in Equation (31)), we have that
IM,,_yIM,q — JM,, JM,, = 35(—1)""12"]_ J,.
As J_, = ((—1)7"1/29).J,, we have

IM,, g IM,,—y — (JM,,)? = 35(—1)"+t22m74( ] )2,

As a consequence of Catalan’s identity, since J; = 1 and by doing ¢ = 1 in Equation (32),
we have the following result.

Corollary 3.9 (Cassini-Simson’s identity). For all non-negative integer n, we have

(JM,)?* — M4y M,y = 35(—1)"2" 1.

Other consequence is the Cassini-Simson identity for subscripts even:
Corollary 3.10. For all non-negative integer n, we have

(JMQn)2 — JM2n+1JM2n_1 = 35. 22n—1 ‘

Now, we present the convolution identity for the Jacobsthal-Mulatu sequence.

Proposition 3.11 (Convolution’s identity). Let m and n be non-negative integer numbers . Then,
the Jacobsthal-Mulatu sequence {JM,, },>¢ satisfies the following identity:

IM sy = 2JMopy 1 IM,, + JMy My — 23 IM i1 -

®
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Proof. By Equations (22)) and (19), it follows that

2 My JM,, + JM,, JM,, 14
= 2(Jme1 + 22T ) (T + 22T 1) + (T + 22T 1) (T +220,)
= 2Jpidn 22Ty + 2280 0 dy + 2223 o dn )
+pmdnsr + 23T J + 220 1 Tt + 223 1
= 21y 4 Jmdngr + 22201 Jn1 + T )
+23(2dm—adn + Jm1Jni1) + 222 (2T 2 dn 1 + Jm1 )
= Jman + 2 Tgn-1 + 22 (Jgn—1 + 2 Jonin—2)
= IMpin + 22 IM g1 -

The next result follows directly from Catalan’s identity.
Proposition 3.12 (Gelin-Cesaro’s identity). The Jacobsthal-Mulatu sequence {JM,, },>¢ satisfies
the following identity:

M2 JM i1 IMy 1 M5 — (JM,)* = 35 - 2772 ((—=1)"1(JM,)* — 2(35)2" %) .

Proof. Using Equation (32)) for ¢ = 1 we have

IMyy 1 M, 1 — (JM,,)? = 35(—1)"1 . 2771 ()2, (33)
and by (32) for ¢ = 2 we have

IM,y 0 M, 5 — (JM,)? = 35(—1)""2 . 2"2(J,)*. (34)
Since J; = J; = 1, and combining Equation s (33)) and (34)), we obtain

IM,y 0 JMy sy M,y JM,, o — (JM,)*

= [(IM,)? +35(=1)"*22"72(Jo)?] [(IM)? + 35(=1)""12" 71 (1)?] — (IM,,)*

= [(JM,,)? + 35(=1)"2" 2] [(JM,)* — 35(—1)"2""'] — (JM,,)*

= (JM,,)* — 35(=1)"2" " (JM,,)? + 35(—1)"2"2(JM,,)* — (35)*(—1)*"2*" 3 — (JM,,)*
= —35(—1)"2""%(JM,,)* — (35)?2%"3

= —35(—1)"2""2(JM,,)* — 2((35)2"2)?

= 352" ((=1)"'(JM,)* — 2(35)2" %) .

®
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4. Generating Functions

In this section, we derive the generating functions for the Jacobsthal-Mulatu sequence.
More specifically, we present three types of generating functions for the Jacobsthal-Mulatu
sequence: the ordinary generating function, the exponential generating function, and the Poisson

generating function.

It is well known that the ordinary generating function for a sequence {a, },,>0, denoted as
G, (), is defined as:

(o]
G, () = Y 02" = ag+ a1z + ag2” + aga® + -+ + apz” + -+ . (35)

n=0

According to Equations (2.1) and (2.2) in [9]], the ordinary generating function of

Jacobsthal and Jacobsthal-Lucas sequences has the following form

B 2—x
S l—x— 222

Gy, (x) = ——— and G, (z)

1 — g — 222

This means that we have:
Gy (r) =z + 2% + 32 + 52 + 112 + 2125 + 4327 + 8528 + 1712° + 35120 + - -+ |
and

G, (7) =2+ x + 52 + 72 + 172* + 312° + 652° + 12727 + 2572% + 5112° + - - - .

The following result provides the explicit form of the ordinary generating function for the
Jacobsthal-Mulatu sequence.
Proposition 4.1. The ordinary generating function for the Jacobsthal-Mulatu sequence, denoted

by G, (), is given by
4 — 3z

G (7) = 1—z—222°

Proof. According to Equation (33), the ordinary generating function for the Jacobsthal-Mulatu

sequence is given by
G, (z) = My + JMyz 4+ JMyx® + IMsa® + - - - 4+ JMpa™ + - - - .

Using the relationships G py, (7) and 222G py, () and the fact that JMy = 4 and JM; = 1, we

derive the following results:
G, (2)(1 — 2 — 22%) = My + [JM; — JMy)z,

and then
4 — 3x

G0 = T o

®
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since 1 — z — 222 # 0, this completes the proof.

The exponential generating function E, () for a sequence {a,},>o is represented as a
power series given by:

as? "

ooanx”
o 4+ .4 .y +...:z; o

E,, (r) =ap+ ax +

In the next result, we consider the case where a,, = JM,, and apply the Binet formula for
the Jacobsthal-Mulatu sequence. By doing so, we derive its exponential generating function.

Proposition 4.2. The exponential generating function for the Jacobsthal-Mulatu sequence
{JMn}nZO iS

o0 n 5€2x + Te~®
Ep, () =) M~ = ;
n=0

The Poisson generating function P,, () for a sequence {a,, },>o is defined as:

P, (x) = f: an” e ",

n!
n=0

This function encodes the sequence {a,, },>¢ in terms of the parameter . A significant relationship
exists between the exponential generating function F, (x) and the Poisson generating function
P, (z), given by:

P, (x)=e""E,, (x).

This relationship establishes a direct connection between the two generating functions.

As a particular case, considering the exponential generating function for the
Jacobsthal-Mulatu sequence given in Proposition 4.2 we obtain the following result.
Corollary 4.3. The Poisson generating function for the Jacobsthal-Mulatu sequence {JM,, },>¢
is: . o
P () = de +37e '

5. Sum and Ratio

In this section, firstly we explore the properties and identities related to the partial sums of
terms of the Jacobsthal-Mulatu sequence. Moreover, for any positive integers n and ¢, the ratio
between the terms a,,; and a, is given by ¢, = “;—:t This analysis helps to understand the

growing and asymptotic pattern of the sequence.

5.1. A finite sum involving the Jacobsthal-Mulatu numbers

In this subsection, we investigate the properties and identities associated with the finite

sums of the terms of the Jacobsthal-Mulatu sequence.
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The sum of the first n + 1 terms of this sequence is expressed as:

ST UMy, = IMy + IMy A+ IMy + - IMy + M,

k=0

We begin by presenting three key results concerning the finite sums of terms of the
Jacobsthal-Mulatu sequence.

First, the sum of the first n + 1 terms.

Proposition 5.1. For all non-negative integer n, the following hold:

Z JM,, = JMn+2 1). (36)

Proof. According to Equation (2) , we have the following equations:
2JMy = JMy — JMy,
2JM, = JMs— JMs,,
2JM,,—y = JM,1 — IM,,
and
2JM,, = JM,io— JMp,iq.

By adding both sides of these equations, we have

2> My = JMyyn — JM; .

Since JM; = 1, we conclude the result. O

The sum involving the terms with even indexes of the Jacobsthal-Mulatu sequence can be

expressed as:

Proposition 5.2. For all non-negative integers n, the following hold:

- 1
Z JMay, = 3 <JMn+2 +3+ ;n) , If n iseven, (37)
k=0
and
: 1 7 o
ZJM%_g IMysi+3+5(n=1) ), if nisodd. (38)
k=0
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Proof. If n is even, then we can write n = 2m for some integer m. Then, by using the Binet
formula, we have that

[(5+5-2245-2"+ - +5-2"") + (T4 T+ +7)]

PWOIPWOIHWQIPJOJIh

[5 (22 —1) + 21(m + 1)]
[5- 222 — 5 + 21 + 21m]
[3JMapmi2 + 9 + 21m]

= [IMapso + 3+ 7Tm] .

W

If we consider n odd, then the result follows in a similar way. 0

The sum of the terms with odd indexes of the Jacobsthal-Mulatu sequence is given as
follows:

Proposition 5.3. For all non-negative integer n, the following hold:
Z Moy = JMn+2 —9—17n), if n iseven, (39)
and

Z IMopiq = 3JMn+2 —2IMp1 —9—T7(n—1)), if n isodd. (40)

Proof. Suppose n is even. Then, from Equations (36) and (37) , it follows that

6 Z IMoj,y = 6 Xn: M, — 6 Z My
k=1 k=0 k=0

7

= 3JMn+2 -3 - 2JMn+2 —6—"Tn
== JMn+2—9—7n

®
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If n is odd, then by Equations (36) and (38), we have

6>  IMopy1 =6 IMp—6 My,
k=0 k=0 k=0
7

= 3JMps0 —3—2JMi1 —6—Tn+7
= 3JMpys — 2JM, g — 9 — T(n —1).

An immediate consequence from previous results is the result presented below. This
naturally arises from the established relationships and further reinforces the conclusions derived
from the Propositions [5.2]and [5.3]

Proposition 5.4. For all non-negative integer m, we have the following identities:
(a) Z Ve IM,, = (4(11\4,,,1+1 3JM,yo + 14(m — 1) + 15), if m is odd,

and

(b) Z YWIM,, = [JMm+2 +2-Tm+ 15], if m is even.

Proof. (a) First consider that m = 2n + 1 is odd . Thus,

2n+1
S (=DFIMy, = Mo — JMy + JMy — JM + -+ + JMay — IMapia
k=0
- (JM() ‘I— JM2 + ttt —f- JMQn) - (JMl + JMg + tt ‘I‘ JM2n+1)

= D My =Y IMopy .
k=0 k=0

According to Equations (38) and (@0)), it follows that:

7 1
> (—1)FIM = 3 (JMm+1 +3 4 5(m 1)) — & (3IMyr = 20Myr iy — 9 = T(m — 1))

1 1
=3 (JMm+1 +3+4 ;(m —1) = 5 (3IMiupo = 2/Mypa =9 = T(m — 1))>

1
1
6

(4IMpy 1 — 3IMpp i + 14(m — 1) +15) .

®
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(b) If m is even, consider m = 2n and using Equations and (39), it follows that:

2n

63 (—~1)FJIM, = 6(JMy— JMy + JMy — ... — JMop_y + JMy,)

k=0
= 6 (Z IMoy =) JM%I)
k=0 k=1

= 2 (JM2n+2 +3+ 7n) — 1(JM2n+2 —9-— 14%)
= JMQn+2 +28n +15.

5.2. Some limit identities

The quotient between two successive terms of a sequence, {a,},>0, is given by ¢, =
any1/a,, where g, is the ratio of the terms a,,,; and a,,. For example, in the classical Jacobsthal
sequence {.J,, }n>0, ¢n = Jns1/Jn, and for sufficiently large n, g, converges to the positive root of
Equation (3)), the root r; = 2.

The first result shows that the quotient ¢,, for the Jacobsthal-Mulatu sequence {JM,, },,>0

also converges to 7; when n goes to infinity.
Proposition 5.5. If JM,, is the n-th term of the Jacobsthal-Mulatu sequence, then

JMn+l

. _ l
T “
and M
. —(n+l) 1
T}LI{.IO JM_n - (TQ) (42)
where 11 = 2 and o = —1 are the solutions of Equation (3)), and n and | are any non-negative
integers.

Proof. According to Binet’s formula in Equation (6)), we have that

IMysy o (L—drg) — (1 — drp) ()
M, (r1) (1— 4r2) — (1— 4r1)(2)n

Since |ry/r1| < 1, it follows that (r5/r;)™ — 0 when n — co. Thus,

l — —_=
R VA G el
and hence Equation (@T]) follows.
Using the Equation (27), we can write
_1\n+l1
IM_ iy GEE (Mt +2J0) (1) WM+ 2
JM _, (;L)” (JM,, + 2J,) 2l JM,, + 2J,

®
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It follows from Binet’s formula that

M@H+2LH¢_()A1—4W) (1 —dr)(2)™ +2(1 = (2)™*)
M, 427, Y T ) — (L dr)(2)r o+ 2(1 - (2))

Therefore,

(1 —dry) — (1 —4r) ()" +2(1 = (2)"")

= (r1)! lim

i [JMnH + 2Jn+l:|

1
n—oo | JM, + 2.J, nooo (1 —drg) — (1 —4r)(22)" +2(1 = (7))
) (1 —dry) +2 l l
et B — e —— e 2
that concludes the proof since 7; = 2 and r, = —1. U]

In what follows, we can immediately establish the following result using fundamental tools
from the calculus of limits, along with Equations (1)) and (42).
Corollary 5.6. If JM,, is the n-th term of the Jacobsthal-Mulatu sequence, then

AT 1\
im = —
n—oo JM, 4 1

and M

lim ——2— = (1)’

n—oo JM n+l) ( 2)
where r1 = 2 and ro = —1 are solutions of Equation (3)), and n and | are any non-negative
integers.

6. Conclusion

The Jacobsthal sequence has some other sequences as variations that have the same
recurrence, the most prominent of which is the Jacobsthal-Lucas sequence. In this article, we
present the Jacobsthal-Mulatu numbers by combining the Jacobsthal recurrence and modifying
the initial terms of the Jacobsthal sequence to 4 and 1. This work was motivated by the aim of
establishing the existence of a Jacobsthal-type sequence that exhibits properties analogous to those
of the Fibonacci-Mulatu sequence, and its connections to both the Fibonacci and Fibonacci-Lucas
sequence. To our surprise, it is the numerical sequence A344109 in OEIS [1l]. Thus, this
investigation aimed to introduce the Jacobsthal-Mulatu sequence and display some connections
with the Jacobsthal and Jacobsthal-Lucas sequences, investigating several of their fundamental
properties. Additionally, the generating functions and Binet formulas were provided, as well as,
some properties of these sequences were established. Some applications of second, third and
fourth order sequences are listed in Horadam [1/], in particular, the Jacobsthal sequence has
application to special matrices, while third order Jacobsthal numbers and Tribonacci numbers
to quaternions. In future work, we plan to explore a generalization of the Jacobsthal sequence,
defined by setting the initial terms as 2* and 1, which unifies and extends both the Jacobsthal-Lucas

and Jacobsthal-Mulatu sequences, a matrix approach to this sequence, as well as a combinatorial
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model of the Jacobsthal-Mulatu sequence, in connection with the Jacobsthal or Jacobsthal-Lucas
sequences
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